Select/Special Topics in
‘Theory of Atomic Collisions and Spectroscopy’
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Lecture Number 02
Unit 1: Quantum Theory of Collisions

Primary Reference:
Quantum Theory of
Collisions (Chapters-1,2,3,4)

by
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(North-Holland Publishing Co.)
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A+B>A+B (elastic scattering)
A+B->A*+B (inelastic scattering)

A+B > A* + B* * denotes new internal state
A+ B > C+ D <reactive scattering - rearrangement when

colliding particles are composite objects.
“‘channel” : possible mode of fragmentation pathway
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> not too intense, nor too weak. Detector

Incident beam of
Monoenergetic
particleg

—_—
A:;%; . - .
=
—

S = ‘effective’ r

cross-section area of the incident beam
ng : number of target particles B that intercept the incident beam

N, Number of particles A reaching the target

per unit time @, = Flux of Aw.r.t. target B
Ember of particles A x-ing per unit time per unit area

normal to incident beam (T -1 )( |2 )
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Detector
Incident beam of

Monoenergetic
particles

A=
N, :Number of particles A reaching the target per unit time
N, : Number of particles A which interact with the target

— ] perunit time. B 1
B i of N, [PXN =N, —>T ]

g P - Probability that an incident particle interacts with the

&

target and thereby gets removed from the incident
flux by scattering P, (1, perhaps «1, for thlntarget

4
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—PxN, >T* (T7)(L°)
@ § incident flux, ®, = N,

ng : number of target particles B that intercept the incident beam

How Is @ related to the target particles B?

nB
Nlnt a _IE)(DA
What should be the dimensions of the
proportionality? PxN,
Otot =
(y~our 0,

Scattering cross section  “tendency” of particles
effective target area that interacts with A & B to interact

the incident beam and scatters it
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cross-section =

number of events per unit time per unit scatterer
flux of the incident particles w.r.t. the target

Tat ~ PxN, A

ot
(DAnB
Scattering cross section !
direction of |
incident bean i
J;‘ |
effective target area that ‘}f' | target
Interacts with the incident ~ “ , .
tendency” of particles

beam and scatters it L’ A & B to interact

)

?L PCD STIiTACS Unit 1 Quantum Theory of Collisions



effective target area that
Interacts with the incident
beam and scatters it

e e

L
—..——'-.I"'::-:;___{L,_
i

: )
Scattering cross section

EEEi‘l'[

center
40

| 1barn=10"cm?
1 Mega-barn =1Mb =10"*cm?

PX A
CI)AnB
Cross-section =

_number of events per unit time per unit scatterer
flux of the incident particles w.r.t. the target
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Wﬁn@(F) =gk = e'erOS‘g _elPH

with p =kr & 1 =cosé

—»

KT Z$0 S 6, Y™ (P () = Za. (c0s)j, (o)

=0 m=-I

= &R ()i (o)
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=ia._+flﬂ(ﬂ)ﬂ-(ﬂ)du_jl(p) h

0 2 ] .
_ Zal 5|'|} i\ (0) Orthogonality
2l +1

= | of the
[ 5 Legendre
=a, Ji-(p) polynomials
\ 21'+ } %
ing the

Dropplng +1 2

redunda | eR(u)du=4 [ oTe }J ()

‘prime -1
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+1
i 2
fe'p“P.(u)dﬂ=a[ }J(p)
% 2 +
0 . 1% 2 function |:)I (,U) — i P (,U)
J PR (u)du=[ R(u)e"du - d
Inteéral of a product - iou T w1 o
of two functions :{Pl(y)e_ } —IR'(u)e_ d
Vo ¥,

11
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+1 .
| 7R (u)du="— -—[R'(n)e"*du
-1

+1
= | P (u)du= . ,
\L (#) iz _>  ignorable

+1
we had: | "R (u)du=a [ih(p)) s p =

S Y

+ ip o' = (e = (-1)
- )
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elp _ellﬂe—lp
Ve
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¥, | |
e w7 lez=|e?| =i
elPe 2 _g2g71P |
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a[ : }J(m— ei(p_%j_‘e_i(p_%j

21 +1

Sin(p—%j - )
Now, | = — —
ow, - i(p) = —— = a =i (21+1)

alor _
Zal J' ('0) valid for all p since a, = fn(p).

= =30 (21+D)R ()i (o)

We got a, from p — o, but it is

je.  glkreosd Zl (21+1) R (cos )j, (kr)
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eikrcosé’ :Zil (2| +1)P|(C089)j|(kr) 0 == (ki,f)
=0
Spherical zt Zp & —(po)=0
harr_n_onlcs For a point w.rt. (X,Y,2)
addition L F=(9,0)=V
theorem on Z-axis, r=r'. ’, Noa
(Unit 2, =P = =000 =V
STIAP X 0=0
slide 94 A ¢
http://nptel.iitm.20.in/courses/115106057/9 Y, > Y 19 — = (ez ’ r
A~ Am * (A A
X Pf(u.v)_2€+1m;ngm (V)Yfm u)
A (
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. (F;r — o) > A{e‘z'F +
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‘//k(l' r—>oo)—>A{kIr f(Q) aikr ’ “$

7r Nz
ik’ _ e—lkreH?eH?
Vine (1) = le (21+1) R (cos0) = o
e :(eiﬂ )I = (_1)I ke —ikr l
Winc(F) —> Z (21 +1) B, (cosO) ° _;ikr(_l)
Wi | -
rj)]; Dikr Z (21 +1) [P,(cos 9)e™ P (cos 6’)(—1) e—'kr}
Win ikr —ikr
30 ik Z (21+1) | R(cosO)e™ —R(-cos@)e™ |
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ikz ikr ikr
et > 2krz (21 +1)| R (cos@)e™ —R(~cos@)e™ |

What will be the result of scattering by a potential?

Yot (f) r:)oo

1 ik+d) o Ci(kr+))
mz.: C (2I+1)[P,(cosH)e P (—cos8)e ]

th
6, : phase shift of the ¢ partial wave

condition:
for potentials that fall

L 1
faster than the Coulomb potential, i.e. faster than — as r — oo.
_________________________________________________________________________________________| r
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ikz ikr ikr
et > 2krz (21 +1)| R (cos@)e™ —R(~cos@)e™ |

: o8
= cr, T(€Q) i *
y/lz(r,r—>oo)—>A{e + e 1 t::> =

th
6, : phase shift of the ¢ partial wave

Yot ('_;) r:)OO

1 i(kr+5,) -ikr+6)
mz ¢, (2l +1)[P,(cos€)e —R(-cosf)e ]

Please refer to details from :
PCD STIAP Unit 6 Probing the Atom

Lecture link: http://nptel.iitm.ac.in/courses/115106057/27 & /28 & /29 & /30
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Yot (f) I’:)OO

ﬁ > @(ZI +1)[F>I (cos0)e" ") — P (=cos H)e‘i(kr+5')]
|

choice of normalization
@depends on the boundary conditions

Please refer to details from : C - ei|5|
PCD STiAP Unit 6 Probing the Atom | -

Lecture link: http://nptel.iitm.ac.in/courses/115106057/27 & /28 & /29 & /30

w1y (F,t) | = outgoing wave boundary conditions

w1 (F,t) | —ingoing wave boundary conditions
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poundary condition

N

. iker  f(Q) ik R
W%(r,r—)oo)r:)wA(k){e + : e r} f(Q):? [L]

C, _ @i gives: scattering amplitude
1 & -
f(k,0)=—> (21+1)| ™ _1|P(cos@
(k. 6) = 20 2. )| | R (cos o)

Faxen-Holtzmark’s formalism
Each £" term gives the contribution of
the £ partial wave to the scattering amplitude.

Reference: Quantum Theory of Collisions by Charles J Joachain
North-Holland Publishing Co. // Section 3.2 // see Eq.3.27, page 49
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describes 'collisions

0

+i(kz-at) "=t 1 2i5, (k)
e + —>"(21+1)| ¥ ~1|R (cos 6)

(e

describes ‘photoionization’

L C :eicsu(k)
WTot(r’t)] rjOO [ I . \ L. .]

Yot (F’t)] I’:)OO — —

_ +i(kr+at) ©
grillarot) | © { Z 21+1)| €24 —1}P,(cos«9)}
r =0
Please refer to details from :
PCD STIAP Unit 6 Probing the Atom <:j O

Lecture link: http://nptel.iitm.ac.in/courses/115106057/27 & /28 & /29 & /30
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nhotoionization

_|_

+i(kr+ot) ©
° { 1 Z(ZI+1)[e2‘5'(k)—1}l3,(cose)}

r 21k 15

Please refer to details from :
PCD STiAP Unit 6 Probing the Atom

Lecture link: http://nptel.iitm.ac.in/courses/115106057/27 & /28 & /29 & /30
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C =e""  Outgoing weve ’:7163
. poundary conditio ¥

‘collisions i )

N i IKr
gfli,?(r,r—)oo) i A(k){e B } @? .{:f?“?'

1 & -
f(k,0)=—> (21 +1)| e®™® _1|P(cos®d
(k.6) =25 2. (2 +1)] |R (cos0)
Contributions of Faxen-Holtzmark’s formalism

the partial waves to the scattering amplitude.

O‘U.ESTIONS ? Next class:
Write to:

pcd@physics.iitm.ac.in OPTICAL THEOREM

Reference: Quantum Theory of Collisions by Charles J Joachain
North-Holland Publishing Co. // Section 3.2 // see Eq.3.27, page 49

PCD STIiTRCS SiiitTAQS8dnhiini Quantum Theory of Collisions 24
Theory of Collisions




INTRODUCTORY lecture about this course on
Select/Special Topics from
‘Theory of Atomic Collisions and Spectroscopy’

P. C. Deshmukh

Department of Physics
Indian Institute of Technology Madras
Chennai 600036

Unit 1 Lecture Number 03

T@Tf—_ ol lOPTICAL
. i THEOREM
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hv +A*

U.Fano & A.R.P.Rau:
Theory of Atomic Collisions & Spectra

photoionization #

PHOTOIONIZATION & electron-ion scattering have

. same final state, but different initial states.
Please refer to details from :
PCD STiAP Unit 6 Probing the Atom

Lecture link: http:/mptel.iitm.ac.in/courses/115106057/27 & /28 & /29 & /30
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:4-' @

nhotoionization

_|_

e+i(kr+a)t) 1 & _
{2_ > (2l +1)[e2'5' (k) —1} P (cos 0)}

r IK 1=

Please refer to details from :
PCD STiAP Unit 6 Probing the Atom

Lecture link: http://nptel.iitm.ac.in/courses/115106057/27 & /28 & /29 & /30
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l//E(F;r—mo) —> A(k){e“zi'n f(é)eikr} [f(f))]_n_
i r—

r scattering amplitude
nr «/,one /o = ko
= o LY (F)Vw (F)=w (F)Vy'(F)] Probability
.. current density
= Re <k — (F)Vy (F) } vector
., h « _ik . 0 . 0 . k
incident [ —Re A k IK. Z 6 — +8 —+p — A k eI Z
i(r) {mi() A8 = &, e, Ak
zhlz —> O0Z <—

47 0SSOz =6V
201

incident J( )- 5S — J( )- 556, —|A(k)| V.5S =|A(K)| —58 —|A(k)|

current through area OS | | 28
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N ik-F  T(Q) ikr
l//li.:(r,r—>oo)r:)00A(k){e +— e }

incident = () |A(k)|2 hk

m
— incident, ”er
A(k)_l_{ V=F } —> O0Z <—
Probability density — "y =1 #\,i : i_f/

Current density: ™" j(F)= hr: =V,
incident&Dthrough _ incident J ( ) 58 _ ]’( ) 559 _ Vi§s _ Qé‘s _ ﬂ
area 8S ot ot

Density of particles: 1 particle per unit volume;
i.e. 1 particle x-sing unit area in unit time at velocity V. =V.€,

incident flux per unit area: 's® =v,

PCD STIiTACS Unit 1 Quantum Theory of Collisions

=|AK)[" v,
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scattered
W (Fir —>o0) = A(k){ Q) 'kr} Per w (Fir >o0) = A(k){f(rg) 'kr}

N e
j(F)=Re { il (F)Vy(r) }
%c:rtttered])(r) ‘A(k)‘ f (Q) _|kr & §+é 1 8 e 1 f(Q) |kr
r orUr 88 rsmH 8(0 r
Lo [t k| o 1
roég| r r 1 _ 1
- O| = | —=2 lignore w.r.t. O| =
1 0] f(Q) IR 1 r*)f—0 r
rsin@ op| r | re 4-\\

spc;rtttere T(F)zRe {|A(k)|2 r;l/ f (Q) :| ﬁ/l/ |:f(Q)z9'lkF:| }

£,

=|A]"

2 r
r 30
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incident flux

scattered
p art - 2 h k

i(F)=|At] — —

per unit area: 'ob = \A(k)\2 Vv n

Scattered flux in the radial
outward direction through
elemental area 5S =’

Scattered _ 5 hk

0D ="" J(F)-5Sé ~\A(k)\

[f(ﬁ)j—u

scattering amplitude
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V- A(k){ ( ) 'k"} @]l
scattering amplitude

incident flux per unit area: '&b = w

Scattered flux in the radial
outward direction

55(1) A |2 A2 dG I

= : — = |m —

— ‘ f(Q)‘ X @ | o= lim ==
scattering x-sec per unit solid angle This definition
differential x-sec is independent of

the normalization
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A(k){e"zi'f () ikr} RCIEd

(r;r —> ) + e
l//ki r scattering amplitude
- h r «, . = R = e
(M) =5 =¥ OV (r)-y () Vy'(F)]
Probability g
h v = . total
current —Re { — v (F)Vt//(r) } 4
density vector | mi wowe function
Radial (7 o —ilcer  f *(f)) _ikr |
component i A(k) {e T ° X
ofthe j(¥)-é =Re 1 )
probability érg ve l 10 v, 1 0 AK)| e f(Q) oikr
current or roé “rsin@ op r
density vector : ’
o 7 o —iker Qe o ik FQ)
j(r)-6, =Req — |AK)|"|e " + e +
mi r or r
C.J.Joachain: Quantum Theory of Collisions Eq.3.34, p 51
33
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* A\ —1Kr - AN ATKE
i(r)-¢ =Re{ AR [\j ALl ]5( hor e }
\/ ~—

I(f) ) é\r ~ {j}ncident (F) T Toutgoing (F) + Tinterference ( } er
(r j —) ignored w.r.t. O(lJ

Radial component

Interference (F) . ér — | of the probability current density vector
h | ke o[ £(@QN) (@K 5 kr) ]
Rel L aK)f|e ™ ' (e | j >
mi or r T or

Ik w A —jk .
Re{ AK)[ { (i) 1D, e r(ikcosé’)elki.r}
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- Radial component
Jinterference (f) - ér = of the probability current density vector

( [ A KT s Ay —ikr N
mi or r 4 r or

g — —J

[ —-—

Vo

A\ iKr oAy —ikr ~
PO @ Q)G.ki.r}
r r

B z 2| —ikjer /.
Re{ - |A(K)| {e (ik)

O(%) — ignored w.r.t.OGj
r< )—o0 r

A ikl’(l—cos@) W PA —ikl’(l—cose)
—Re{ L |A(|<)|2(\|<){'C(Q)e +oosg 1 (EV8 ﬂ
mk r

r

C.J.Joachain: Quantum Theory of Collisions Eq.3.39, p 51
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—

Re

f (Q)elkl’ 1—COS(9)

; ¥).A — Radial com onent
Jinterference (r ) ) er T P

1 ¢cosd

= A ——E—

f (Q)e_l kl’ 1—COS(9)

Incident energy has

some spread.:

QUESTIONS ?
Write to:

shread, inv magnitude of
=  the wave vector K to- K+ Ak

k+Ak +-k'
J‘ e_I r(l—cose)dk 'V

k

eil k' I'(1-cos®)

+ir (1-cos )

k+Ak

k

pcd@physics.iitm.ac.in

k+Ak

J‘ eiik'r(l—cose)dk ' €

k

ii(k+ Ak)r(l—cose) FiKr (1-cos6)

_e_

+ir (1-cos 9)

numerator — O(1)
denominator: I —» 0

Interference term is of importance only when C0OS& =1

PCD STIiTACS Unit 1 Quantum Theory of Collisions
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INTRODUCTORY lecture about this course on
Select/Special Topics from
‘Theory of Atomic Collisions and Spectroscopy’

P. C. Deshmukh

Department of Physics
Indian Institute of Technology Madras
Chennai 600036

Unit 1 Lecture Number 04
Quantum Theory of Collisions
T@T————-—-"T“ ~ o [ |l oPTicAL
_ _-__-_-__-;éﬁﬁeﬁn 'ff{EEC)FQEEhA
. center

.... continued
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—

jinterference (F) ) ér — Radial component
of the probability current density vector.._

IKr( 1—cos€) —Ikl’ 1—c03¢9)
nk Qe (O
Red — |A(k)| (e~ =+ cosé K )e _____________
m r r
Incident energy has spreads inv magnitude of
some spread: >  the wave vector K to- K+ Ak
N ik cos K+Ak
kJ‘Ak i‘ik'r(l—cose) v e_lk F{1-cos)
e dk'=—
’ +ir (1-cos ) k
ka KT 1cos0) g 1 Ak -e0) _ +ikr(cos0) [nuumerator — O()
4 +ir (1_ COS 0) denominator: I —» o0

Interference term is of importance only when C0OS& =1

PCD STIiTACS Unit 1 Quantum Theory of Collisions
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—
A

jinterference (F) | er —

B A\ IKF(1-cos6 * ;AN —IKI(1-cose ]
1k f (Cy)e'Kr-c00) (0 CR
Re! = |A(k)|2 (e +c0s 6 (e
m r r
Ak Fl(cra)l (1-cos0) _ FI(1-0050) [ iorator — O(L)

J‘ eiik'r(l—cose)dk ' e

iir(l_cos 9) denominator: I —> 0O

k

Interference term is of importance only when @ ~0

considering the spread in magnitude of

the wave vector from K to K+ Ak =only 8 ~0
IS Important with regard to
‘INTERFERENCE TERM’

k+Ak

j e HIK Tla-cos0) ) i 0, except near 8 ~0 _ “forward’
k r'ﬂoo scattering

C.J.Joachain: Quantum Theory of Collisions Eq.3.41, p52 PCD STITACS Unit 1 Quantum Theory of Collisions 39



+ Joutgomg (F) + Tinterference (F)} ) rdeér

0~0
= SEJS Jinigent (7) 05 + P Togoing (7) - S + b Jiereence (7) - dS
[lfav{veim}=gpie)as ; Veir--L
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0 M+[# Toutgoing (F) | d_S?_F[Cﬁ_“) Tinterference (F) ) d_S]

O — C'[:JS Toutgoing (F) | d_é + 4:_‘-) Tinterference (F) ) d_g

2 A
—€, -r"e,

I

\f(gz

55(1) scattered _-'( ) 58@ z‘A(k)‘

~ outgoing J

5 o (1) ds}cﬁﬁ—\A(k)\
5 B (7)- 3 =X a0 \f@\zdﬂ A i

0=0+00
[ Tinterference ( } J. Sln QdH _‘. d¢ Jlnterference (F) dS [dQ ‘f (Q)‘ }

s ;deQér

6~0

PCD STIiTACS Unit 1 Quantum Theory of Collisions
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O — Cﬁ.) Toutgoing (F) ) d_8> + <_ﬁ> Tinterference (F) ) d—g

ik - o\ A
E|A(k)|2 Gtgtaj T CJEJS Jinterference (r ) ) errde

0=0+A0

|A(k)| otal _.- Sln Hde J- d(D [Jinterference (F)éq r2

=0
Jinterference ( r ) € =
4 - : . )
A KT (1-cos0) « o Ay —IKI (1-cos0)

hk 2| F(Q)e f (QQ)e
Re< — |A(K)| () +cosd ()

m r r
K B C.J.Joachain: Quantum Theory of Collisions Eq.3.39, p 51 B /

4 0 h_k il + NOTE : A(k) does not matter for subsequent analysis
tota

*( )e—ikr(l—cose)

-

0=0+A0 A KT (1-cos0) 2
2r J' sin HdeR[f(Q)e +c0s6 @
r
0=0

r

i

PCD STIiTACS Unit 1 Quantum Theory of Collisions
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0= Gtotal

0=0+A0 A KT (1-cos ) o Ay —1KI (1-cos6)
27 _[ sinddédRe f(ee +C0sé f (e
() ()
/ 0+A0 \

49
f(O) r ek j sin 9d ge 'k coso |

+27Re - (

total 0=0+A0
f"(0)re” j sin 9d ge*1Krcos?

N -/

@SQ = U | ( A _ 1)

| singdo=du’ fO e [ due s

............. - J1=COSAH

0=0,

0=0,

+ 27 Re >
: #=1 :
.I:*(O) r e—lkr j dluelkr,u

k L H{=COSAQ ) /

PCD STIiTACS Unit 1 Quantum Theory of Collisions
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. p=1 . . p=1 .
0=0, . +27Re {f(O) re' [ dpe st re | dye'kr/‘}
H=COSAH H=COSAH
ke | e ik | . ik | ekt |
0=0,y t27Re f(O)yre o +f (O)re -
HU=COSAO HU=COSAH
( —ikr _—ikrcosAg ] )
ikr | € —€
f(0) | ¢ { }
—ikf
0=0, +27Re <
total < [ aikr _ gikroosao (

f7(0) e

(0) f ke

( [ kr(l—cosAH) )

1 ¢
f (0 — +
© [—ik —ik }
0= 27 R
GtOtaI TEmRE | 1 e—ikl’(l—cosAH) (
f7(0) | =——
© ik ik

PCD STIiTACS Unit 1 Quantum Theory of Collisions 44



( i 'kr(l—cosAH)_ )
1 €
f(0 —
S e
- -
0= GtOtaI +27Re | i 1 e—ikl’(l—cosA@)_
f*(0 —
©) 1K IK
k-+Ak iK' (1coss0) 4+ eii(k+Ak)r(1—cosA9) B e"‘lkr(l—cosAH)
j e dk'= _
1 +ir (1-cosAQ)
f(O) [ +oscillatory terms}
0= Gota|+27zRe 3 _ —)OaYSF—>oo >
f~(0) [k +OSC|IIatory terms}

J
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K K
4m7/k times the
}\ Imaginary part of the

.1 r_i7)| The total scattering
0=0,, +27Re {f(O) [—}r f(0) {—} X-sec is equal to
/

0=0,

wotal T 27T Re[{z Re( f(0) HD
f(0)=a+Ib
O:O-total +Re [{Re(ix f(O))H Ix f(0)=1a-Db

‘Re[ix f(0)]=—b

) scattering amplitude

4 >
O:Jtotal +T7z[_|m f(O)] :—Im[f(O)]
\_ (real number) .
O = 4_”[|m f(0)] OPTICAL THEOREM
Ota K Bohr-Peierls-Placzek relation
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A7
Ototal = ?['m f(0)]
ORIGINS:

OPTICAL THEOREM

Bohr-Peierls-Placzek relation

([jav {9+ i0} = g i

@S Vejr)=-2L

— e 'd_-.'_-:f-::-:- '-.-_--
B N [ ’
ij scattering
d center
° d0’

“Shadow” of the target in the

50
forward direction results from 0
scattering of the incident beam z

by the target potential.

The angle 86 and area r? 32,

C.J.Joachain: Quantum Theory of Collisions

PCD STIiTACS Unit 1 Quantum Theory of Collisions  Fig. 3.3, p 53



Outgoing wave

boundary (//@(r o) = A(k){elz' r f(Q) eikr}

condition ki r

[CI = g'a We have employed this

boundary condition, inclusive of
an Z-dependent normalization.

\

describes 'collisions’
_

A(k): energy dependent normalization of the incident wave

J

that scales the scattered part as well. ~
OPTICAL THEOREM: independent of A(K)

scattering x-sec do 2 This definition
per unit solid angle 40 = ‘ f (Q)‘ is independent of
differential x-sec the normalization

PCD STIiTACS Unit 1 Quantum Theory of Collisions 48




l//g (Fr—>o0) = A(@){e“zi'f' CS) eikr}

r

scattering x-sec do 2 This definition
per unit solid angle 40 = ‘ f (Q)‘ is independent of
differential x-sec the normalization

‘//T+ot (F’t)] I’:)OO

1 = | ti(KF-at) ghlret) (1 & 2i5 (k)
) A(k){e e {Zikg(Zlﬂ)[e 1}3(0056’)}}

We employed
mono-energetic incident beam
- idealization

PCD STIiTACS Unit 1 Quantum Theory of Collisions 49



Wi (T,1) ] < mono-energetic / idealization

o0

1 = | ti(KF-at) S | 2i5 (k)
(27{)3/2 A(k){e n ; {Zikg(m“)[e 1}P|(cosé’)H

do —~ A
—=|f(k,Q
dQ ‘ (I, ©2)

2 - - - -
— monoenergetic idealization of

Incident beam properties

g ) 1 s [ g (K F-at) Realistic
Cucan 1) = 7 MI] a%| Aoe™]

( Incident
1 3 e +i(7r—w(k)t) wave
= — (|| d°k| A(k)e packet
N (27)
Does the expression for — hich is 4 good gven.to f
. .| scattering . . p hO ing ©
the d,ffereﬂ-tla g_g _ ‘ £k, O) 2 deSCribe sCatter ;
cross-section, e packe™
the waV 50
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-

I | 3 [ a iy (kT -at)
CI)incident(r’t) o (272_)3/2 ” d k _A(k)e :|

1 d3IZ_A " +i(k-r-o(k)t) wave
_(272_)3/2 _”J. i ( )e :| paCket

.

Realistic
Incident

~

/

A(k) can be determined if the

wave-packet is known at t=0

PCD STIiTACS Unit 1 Quantum Theory of Collisions
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i

N 1 — =, +i(k-F-w
(Dincident(r’t) = (272_)3/2 _”j d3k _A(k)e (k t):|
Realistic 1 N e
| . B +i r—a)(k)t)
- dent = ” 43K AK)e }
Qvave packet
E(k)  #%k2% 1 7k?
(k)= =3~ = 50 5 = 2m
Group velocity g, 7K
Particle velocity { dk }k “m VY]

/

\

[ﬁka)(IZ)]Ei =V,

/

PCD STIiTACS Unit 1 Quantum Theory of Collisions
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(Dincident(f:’t) = = _[_U dgﬁ[A(E)eﬂ(wﬂ(E)tq A(E) can be

3/2
(27)
Realistic incident wave packet determined if the wave-packet
1 - ~ e :
@, .. (F,0)= d’k | Adk)e™" IS known at t=0
dent (272_)3/2 ”j [ ]

21) the momentum
Eq.3.59/ p55 / Joachain’s Quantum Collision Theory (rather ‘Wave_
B vector’) space
Each individual 1 a ygilfretn) Known at t=0

EA\(E)= ( . 372 I _[ j dSF[q)incident(F,O)e_”z'r] wave-function in

wave (277)3’2 Y,
travels at the phase velocity Phase
L _ok) _ER/h_ (hk)"/2m 1k velocity is
? K k hk 2m half the group
CD STITACS Unit 1 Quantum Thearyof Cotisons . VEIOCItY




=y 3 (ler—afk))
(Dincident(r1t) ( 3/2 ’”‘_“ d k|:A(k)e :l

Realistic incident Wave packet at t=0: narrow spread

O . (7.0)= ; ;)3,2 ([ a%[Awe* ] _ <[

- 1 N R icE 'spread/packed'
A(k) = (272_)3/2 j” dsr |:(Dincident(r’0)e ‘ ] In the region

Ar=—

K

Normaligatiov:
[ 6% 0 r.0F =2= ] ¥ A | Letra) - |acoe""

D, cigent (M1 1) = ( 3/2 jﬂ d’k DA(k)‘ e Iw(E)t:|

PCD STIiTACS Unit 1 Quantum Theory of Collisions



_ 1 - — +i(k-F-o(Kk
(Dincident(r1t) — (272_)3/2 .”j d3k |:A(k)e ( ( )t):l
Realistic incident wave packet at t=0: )

Let AK) = \A(IZ )\ e")‘(kj

. 1 3*_ - k] (i)
d)incidem(r,t):(zﬂ)w ]| d k_‘A(k)‘e Ue oK)

(Dincident(rit) = 27:-)3/2 ”J. dSE‘A(E)‘ew(E)

(

—

B(K)=K-T—a(K)t+a(K)
Eq.3.65, 3.66 / p56 / Joachain’s Quantum Collision Theory

PCD STIiTACS Unit 1 Quantum Theory of Collisions



q)imidem(r’t):ﬁ-m dsﬁ{A(E)eiﬂ(Eq ﬂ(lZ):E°F—G)(IZ)t+CZ(|Z)

The requiracondition IS
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/

kaﬁ(k)]g:gi :O} 'B(E

condition for

)

E-F—w(ﬁ)t+a(l€)\

= kz — a)(k)t+a lZ
‘q)incident (F,t)‘ to be the IargeSt \__ Eq.3.65,3.66 /p56 / Joachain's Quantum Co ||
dg(k de (k
1-dimensional 0= %} = _[dcgék)} tj{ 0;|(< }
case 2> ki ki ki
l.e. Z:[dw(k)} t— da (k)
dk k dk |,
3-dimensional N -
case > r(t) = [ka(k) K [ (k)]
Time origin:t, F(t)= V. (t _to)"‘ I,
9 — — —
since v, =|V,o(k) | & V()]

PCD STIiTACS Unit 1 Quantum Theory of Collisions




Collimator

% d: transverse width of D

the wave packet

Detector

d<D
-_—— d _— L
Ib @ Scattering region
ﬁ « C.J.Joachain: Quantum Theory of Collisions Fig. 3.4, p 56
ﬁ é . J. . . 0.4,
# a
Longitudinal width 1
[ = i d=0=Ar=—
Ak AK

Schematic diagram of the characteristic lengths
describing the scattering of a wave packet by a potential
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CDincidem(F,t):(;w (1] d"’l{A(k) } - — w(k)t+0!(|z)
(272- 3/2 J'”' q E[‘A(k)‘ 'IZ "E)t+a(ﬁ)}:|

a)(k):a)(ki)+[vkw(lz)}ﬁ_ (K=K )+
|

|nC|dent (r t) —

QUESTIONS ? Write to: pcd@physics.iitm.ac.in

PCD STIiTACS Unit 1 Quantum Theory of Collisions
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INTRODUCTORY lecture about this course on
Select/Special Topics from

‘Theory of Atomic Collisions and Spectroscopy’
P. C. Deshmukh

Department of Physics
Indian Institute of Technology Madras
Chennai 600036

Unit 1 Lecture Number 05

Quantum Theory of Collisions
- Differential
scattering
Ci:ross -section
O 2
f k
10 (k;, )
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+ (e 3| ikt F) ik
l//lzi(r,r—mo)r:)OOA(ki){e A e }

scattering x-sec

per unit solid angle d_G = ‘ f (f))
dQ

2

differential x-sec

‘//T+ot (F’t)] I’:)OO

1 = | ti(KF-at) ghlret) (1 & 2i5 (k)
) A(k){e e {Zikg(Zlﬂ)[e 1}3(0056’)}}

We employed
mono-energetic incident beam
- idealization

PCD STIiTACS Unit 1 Quantum Theory of Collisions 61



Wi (T,1) ] < mono-energetic / idealization

o0

1 = | ti(KF-at) S | 2i5 (k)
(27{)3/2 A(k){e n ; {Zikg(m“)[e 1}P|(cosé’)H

do —~ A
—=|f(k,Q
dQ ‘ (I, ©2)

2 - - - -
— monoenergetic idealization of

Incident beam properties

g ) 1 s [ g (K F-at) Realistic
Cucan 1) = 7 MI] a%| Aoe™]

( Incident
1 3 e +i(7r—w(k)t) wave
= — (|| d°k| A(k)e packet
N (27)
Does the expression for — hich is 4 good gven.to f
. .| scattering . . p hO ing ©
the d,ffereﬂ-tla g_g _ ‘ £k, O) 2 deSCribe sCatter ;
cross-section, e packe™
the waV 62
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oy +i(k-F-o(k)t)
CDincidem(r,t)_(z = I dk[A(k)e }[A(k) ‘A(k)‘ )}

B 1 S - i,BIZ ~\ O — —
CDincident(r,t):Wﬂ. d k{A(k)e j} ,B(k)_k-r—a)(k)t+a(k)

Under what conditions is |®, .. (F,t)| the largest?

|ﬂ(l2) _ _ . -
e — oscillates In response to k since = ,B(k)
oscillating parts cancel each other's
contributions to @, ... (r,t)

For \CD (r,t)\ to be large, these oscillations must not happen

incident

/3 must not vary very much with respect to k
The required condition Is: Wkﬂ(k)]lz:lZ =0

|
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CB(K) =K -F — (K =
g [P g o A0
|®incident(r’t)‘ to be the Iarges \_ Eq.365 S;Eszauog:aﬁkzt j‘mOCKH k)

dg

1-dimensional 0=

case - dk

e. z:[

T - o] [l

do(l)
dk

daw(Kk)

| dk
da (k)

NS

3-dimensional
case -

r(t)= [V a(

Time origin: t,
9
since

PCD STIiTACS Unit 1 Quantum Theory of Collisions
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e & L= —[Vka(ﬁ)]k




O (Fi1)= ﬁm dSEDA(E)‘eW(Rq ,B(IZ) —K-F— a)(IZ)’[ — a(lz

O (Fi)= 3/2 J'”' 4%k UA(k)‘ ifk.r )t+a(12)}}

ZO)(EI)‘F\_]I(E—IZI)‘F higher

— — — order
:a)(k')+\7i°k_vi'k'+--- terms? :2h k i hk
! DL 2m h m

v- . IZ _ hkiz _ Zw(k) since E(k) #2K2 1 12
L m | a)(k):TZZm h_ 2m

‘/ ( V. Va)(k)]
(k) :w(ﬁi){%ka)(k’)}ﬁ_ (K= )+... 21,2
e M ]

)

o(K) = o(k)+V; K —20(K) +... | oK) =-0a(k)+V; K+

PCD STIiTACS Unit 1 Quantum Theory of Collisions

65



(Dincident (F’ t) =

(27
(Dincident (F’ t) —

ol 0%

(Dincident (F1 t) —

1
ol 0%

(G

e

ACS Unit 1 Quantum Theory of Collisions

II G

o(K) = —o(ki) +V; -k

k F+a(k )t—v;- kt+a(k)}

r Vit +a)(k )t+a( )}

66



LN 3 (F—vit)+o(k;)t+a(k )}
(1)~ [ %] [ }

)]EI : IZ—IZi)+...

a(K)da(k)+ [-5](K -k J+ with (-5,) = Ve (K) |

incident (F t) —

a(k)=a(k)+ |V V,a(k

Can we neglect higher order terms?

/ ” 9 k“ A(k)‘ ik (7~ vit)+w<@)t{a(l§>%-(ﬁﬁ)}]}
32

3/2 ”J' J kUA(k)‘ K-(Fit)roo(k)ta(k)- r0k+r0k}:|
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chnudent (F t) —
~ 2n) o [I] 9% [AGofe! “”“’“)”“““okﬂok}}

a(k)=a(k) - -k

\

/ (Dmc;ldent(r t) —

- el g

N /

@ . (F1)= 3/2 _f.” d3k[A(k) e VtM(k)t}J
( since A(k) = ‘A(k)‘ )

ACS Unit 1 Quantum Theory of Collisions 68




. '{E (F=V;t)+o(k )t}
CI)incident(r’t) 3/2 d k A(k)e
ol o] |
/

\

CI)incident (F1 t) —

io(k; )(t— 1 - - ik IR
o (K )(t-to) - J‘J‘J‘ SED A(k)el (F’ vt)e (Kt
N (27) : .
(\O’\'e D cigent (F,0) =

O

o [ ] Ly

— CI)incident (F’ t) — eiC()(Ei)(t_tO)(I)incident (F(t) o vi (t _tO ) ] to)

rit)=rn+Vv(t-t), Le. ”F(t) -V (t—t) =1,
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Realistic
incident
wave packet

— aio(k)(t-t) (27:-)3/2 ” d312[A(E)eiﬁ'(r_vit)eiw(ﬁ)to}

S0 @ (7,0 = [[[ ¢ A" |

(272_)3/2
[CDiﬂCident (F’ t) — eiw(ki )(t_tO)(Dincident (f: (t) B Vi (t _tO ) 1 to)]
rit)=r+v(t-t), re. r)-v({-t)=r

free wave packet centered around the point r;, at time Q
will have same shape as a wave packet

\centered around the point r, + v. (t —t,) at time t )

PCD STIiTACS Unit 1 Quantum Theory of Collisions
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o(K) =w(|2i)+[€ka)(12 )]

.(|Z_

:w(k’i)+vi.(|2—|2’i)+...

Can we neglect higher order terms?

a(k)=a(k:)+

ak)=a(k)+ |

(KK )+

—

K

)+..

Higher
order
terms
ignored

—

Under what
conditions
can we
ignore

higher order
terms?

71
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do (k)

dk
: Ik

w(k) = (k) +

-(k—ki)+... (k) = o(k;) +V; (K - 12)
K +

= —a)(lzi)+v

condition to ignore higher order terms:
_dZW(E)_ i) = E0) _ n’k® 1k

2 h om h 2m
e (k—kj) — small do(k) 27k 7k

i i dk 2m m
) d’w(k)
/ dk? m

2
E(k — ki ) tkxl
m
| | Phase velocity;
| | half the group velocity
E(Ak) (ZDJ <<l
m V.

PCD STIiTACS Unit 1 Quantum Theory of Collisions



o (Ak)
l.e. k—2D <l

~§—(Ak)2 [ hk j <x1

-1

recall:  (Ak)(Ar)~1=(Ak)=(Ar)

42D << (Ar)’
i.e. /42D << (Ar)

In most experiments: 10~°cm 10'cm

v

Hence we can indeed ignore higher order terms.
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Collimator

% d: transverse width of D

the wave packet

Detector

d

4 <D _ b: Impact
<K - v
be Scattering region Parameter
? « C.J.Joachain: Th f Collisi Fig. 3.4, p 56
ﬁ é . .J.Joac aln.Quantum eory or Collisions FIg. 5.4, p
2 | a
Lonaitudinal width Al particles described by
incident wave same b as detailed shape
packet
. target Of the wave
’ ./ packet does not -
matter z
[ — S (~(Ar)>>a

C.J.Joachain: Quantum Theory of Collisions Fig. 3.5, p 58

Long |tUd | nal Wldth PCD STIiTACS Unit 1 Quantum Theory of Collisions 74



incident wave
packet

Detailed shape
o /target of the wave

o packet does not -

matter z
) — i (~(Ar)>>a
Longitudinal width

C.J.Joachain: Quantum Theory of Collisions Fig. 3.5, p 58
. —Scattered spherical
—h—=

wave
iy
% -
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Free N | | Ay ti(kT-o(K))
pal’ticle cI)incident(r1t)_ (272_)3/2 _”: d k|:A(k)e

wave packet oK) = oK) +V; - (K=K} )+

E(k) n%k? 1 #mk? B
(k)z T O m R T om ——a)(ki)+vi-k+..

Free particle wave packet impacting at b : Impact parameter

I[f d k[A(k)e {ik{r-5)-o (E)}W

O (F,t) =

( 72_)3/2

C.J.Joachain: Quantum Theory of Collisions Eq. 3.86, p 58

)
3 —ik-b +i“-f (+'60(E)t —ik-wit
O (r,t) = 3/2 d’k | A(k)e € e
= m [ ‘}

0,00 = L[] R a5 0]
1

PCD STIiTACS Unit 1 Quantum Theory of Collisions



(DB (F,t) — 1 J‘j d3E|:A(IZ)e_IE6 e-q—ilz.f e+ia)(|zi)t e_ilz_viti|

(27[)3/2

multiplying the integrand by:
{e”ﬁ'(fB)eilﬁ-vit} v {eiﬁ'(FB)eJriIZi-vit} 1

PCD STIiTACS Unit 1 Quantum Theory of Collisions
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1 vio(k )t _+ik (F-b-v;t)

. — — +ilK =k \(F=b -V © Shape
Ar-5-0)= L [ K[ Ay N5 0] e
( ﬂ-) packet
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_ +ilk. (F—B—\?,t)ﬂo(lﬁ)t S
O.(r,t)=e | };((r—b—v,t)
~
O’efer .
O - 1 — —  Lilk=k: }{F=b-v fh@ m’”e
Z(I’ — _Vut)_ (2 )3/2 ”_[ d3k|:A(k) e Sl It)} z‘/fhffeo;fs
7T Daclfe';
Recall that:

Normaligatiov:
[ & |0 (7. OF =1= [[] 0% [AG)|

= ||[ d% [x(5)]" =1
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Free particle wave packet interacting with the
scatterer at b :impact parameter
_, 1 +ilk; ( F—b—V;t }+ o ki )t
b 3/2
(27)

Free particle case
_, 1 — =\ kb | tik-F| - —io(k)t
i N —— d3k[A(k)e 5 | ik g '“’()}
(27)
wave packet for the complete scattering problem

Fre oy 1 3 N ik |t ey | amieo(K )
wﬁ(r,t)_(zﬂ)mmdk[A(k)e v (F) e }

PCD STIiTACS Unit 1 Quantum Theory of Collisions
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Collimator

d: transverse width of D Detector

the wave packet

= T\

b: Impact

d<D S b - parameter

- Scattering regio

] >
g é _ . C.J.Joachain: Quantum Theoryofclinisgsr:i: 3; p:he
ZA | onaitudinal width ( Ar) <D
II'ICIdL‘I'ﬂ'. wave paCket does
pac ket target NOt OVerlap the
@Q@ >>>>d/ target when it is,_
far from the z
target

C.J.Joachain: Quantum Theory of Collisions Fig. 3.5, p 58

Long |tUd | nal Wldth PCD STIiTACS Unit 1 Quantum Theory of Collisions 81



. iker . F(Q) ik
Wé(r,raw)r:)wA(k){e +— ¢ r}

wave packet for the complete scattering problem

vpe ey 1 37| ADNaikE ey oK)t
\PB(r,t)—(Zﬂ)mﬂjdk[A(k)e v (F) e }

e+i(kz—a)t) k =86, ¢> xé*

In the next class, we complete the proof that:
IS appropriate expression

— A2
d_G — ‘ f(k,Q) evento describe scattering of
do ! the wave packet.

e
QUESTIONS ? Write to: pcd@physics.iitm.ac.in \éj

PCD STIiTACS Unit 1 Quantum Theory of Collisions
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INTRODUCTORY lecture about this course on
Select/Special Topics from
‘Theory of Atomic Collisions and Spectroscopy’

P. C. Deshmukh

Department of Physics
Indian Institute of Technology Madras
Chennai 600036

Unit 1 Lecture Number 06
Quantum Theory of Collisions

) Differential x-sec do | - A/
—Z =]k, Q)
(wave-packets) dQ
mé i) Partial wave analysis  Reference:
Quantum Collision Theory

— C.J.Joachain Chapters 3 & 4
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Free particle wave packet interacting with the
scatterer at b :impact parameter

i 1 =~ oy ik | k| oK
CDB(r’t): = JJ:[ d3k|:A(k)e ik-b e+|kr e |CO( )tj|
(27)
wave packet for the complete scattering problem

e ey 1 3 N ik |t ey | oK)
‘Pﬁ(r,t)—(zﬂ)wﬁjdk[A(k)e v (F) e }

Since the packet does not overlap the targe\
when it is far from the target, we may use the

asymptotic form: W (Fir o) —> AK)| e oo f(rQ) ik

. 1 o P i~ f(Q) ikr| oK)t
YI(F,t) > O (F, 1)+ d’k | A(k)e™® e e
2 a0 ] r
Incident wave packet scattered wave packet
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@ (F,t) = 27:)3,2 j J' j dSIZ[A(IZ)e“E'IS gtk eiw(ﬁ)t}

(

9 . 1 ~| = B f(f)) ikr oK)t

Wi(F,t) > D (F, 1)+ d’k | A(k)e™® e e
b ro0 D (27,)3’2 -m r| }
Incident wave packet scattered wave packet

B B A i(kr—w(l?)t)
Wi (F.1) > O (F,1) + 1 m d%k| A(K)e 0 ()

(272_)3/2
P Eef van Beveren
Vo) 752 O ¢ hitp:icht fis.uc.ptieet
t% _|_w C.J.Joachain: Quantum Theory of Collisions Eq. 3.86, p 58
W (T, 1) r—_m) ?
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N o i |(kr—a)(IZ)t)
WE(F, ) - @ (F,1)+ 13,2 [[| d%| Agk)e™® F(Q) S
r—oo (272.)

=k +k (KK oK) = oK) +V; -(K—K; )
ei(kr—a)(IZ)t) _ eikireilzi -(E—Ei)re_iw(lzi)te—ivi (E—7)t
(P (F 1) — D (F,1)+ ™
R ik k(KR )r k)t iV (K=K )t |
+ 13,2 (I dKk| AK)e™® F(k, Q)% = °
27[) r
( _ Y

[f (K, =|f (K. ei““ﬂ

WE(F,1) > O (F, 1)+

r—o

plAKQ) ‘ f (IZ,,Q)

1 ik gie(k)t
r

_I_
(272_)3/2

1D [ o et e e |
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LPg(r,t) - cpﬁ(r,t) s \1,
16, ] Agee e g |

_|_

(2 )3/2

A(K,©) = A(K. ) +[€kA(Ei ,fz)}lz r -(IZ— K )
|

:A(E.,Q)+;)(fz).(ﬁ_ﬁi); |« ar i

Yi(r,t) > O (rt)+ 5(ﬁ)z[§kA(Ei’é)J|z’:|zi

(K, D) e er'w(mt y

(272_)3/2
”‘J‘ dsR’[A(R’)eiE-Beiﬁ -(E—lﬁ)re—ivi -(l?ﬁ)teiA(ﬁ,Q)eiﬁ(fl)-(lzﬁ)}
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Wi(F,t) - Oy (F, 1)+

eikire

(272_)3/2
j.” d [ A(E)e_iﬁ'ﬁem‘ (k=)r g (KK e i @) 1o @K

—i (ki)

£ (k)

Yi(F,t) > D (F,t)+

F—o0

(272_)3/2

I ¢ k[A(k)e ()% '[f@ww@ﬂ(m}

PCD STIiTACS Unit 1 Quantum Theory of Collisions

£ (k)

e'e

X

Ia)(lzi)t { ¢' —

v

I
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LIﬁ(r t) > O (r,t)+

v

—o0

elkrg iotdt o i
- ‘ ; (k ‘ alA (k@) g-ikib

j” q k[A(k)e (k- IZ)B l[rk Vt+p(Q)]( E)}

“F) > o )+ Tk, Q)

r—>o0 P

_Uj . k[A(k)e (k- IZ)B l[rk vt+p(Q)]( )}

PCD STIiTACS Unit 1 Quantum Theory of Collisions
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Wo(F,t) > O (rt)+

F—0o0

1

ikr —io(k )t i
. . glkirgTiek) e E

(272_)3/2 r

f (k) e b

Ik

lshape of the

we had: (2%)_3/2

K| el
}

lwave packet

—

fIJ a%| Ay e I (e -b-vg)

= (2n) ] %

A(E)e'[rk‘ _V‘Hp(g)_b}(k_k‘)} = z(rk — Vit + p(O2) - b)}

Wo(r,t) > O (rt)+

—>oo

+F (K, Q)

i{kir-o(k;)t]

LY ( rk. — V.t + p(Q) - 6)
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Wi (F. 1) > O (7, +
i{kir—a)(ﬁ)t}

1f(k,0)° e (1K~ Vit + A() -b)
r

\};Bpart only (F,t) _

| + scattered 2

. ;((ﬁ(fz)ﬂzir—\?it—ﬁ)z

N

Probability of scattering along the direction Q

R, (Q) = [r*dr
0

- A 2 / A A —
e () = \ f (ki,Q)‘Z ! rAdr I%JV(( Q) +Kr—vit —b)z

Vo

since v, =k.v

|1 O [ar|(5@) +K (r-v) -5
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Probability of scattering along the direction Q

() =|f (K, D) Tdr‘l(ﬁ(ﬁ)% (V—Vit)"a)‘2

2

A ~ A2 AN L o
R(€) =, ) [ dz|(p()+Kz-b) Z=r—vt

o N
d—g:HdZEPb(ﬁ)z

Whole space integral

s = 5(O)+Kkz-b ([[ d° [x) =1

o0

f(lZi,fz)r[j dz[[d%

—0

z(ﬁ(é)ﬂiz—ﬁ)j

o« Appropriate expression
even to describe scattering of
the wave packet.

A

do =
—=(f(k,Q
dQ ‘ (i, €2)

C.J.Joachain: Quantum Theory of Collisions Eq. 3.107, p 61 PCD STIiTACS Unit 1 Quantum Theory of Collisions 92



Having established that

, IS an appropriate
expression even to
describe scattering of
the wave packet,

we now proceed to study some

Important and consequential aspects
of

PARTIAL WAVE ANAYLSIS

A

do -
—= =|f(k,O
o =T

PCD STIiTACS Unit 1 Quantum Theory of Collisions 03



()
I

WIZ_(F;F—)OO)—)A eker 4

4
€
e b
. | 7
~ sin(kr ——)
Ve (1;r > 0) > Y i (21 +1) B(cos6) - 2
i(kr—%) _ei(kr%ﬂj

Vine (1) = Z i' (21+1) R (cos6)

21kr
W.
_Ir:; Sikr Z (21 +1) [P, (cosf)e™ — P (cos O) (-1) e‘““}
Yinc N y
r_mz,er (21+1) [P(COSH)G — P (—cosB)e” ]

PCD STIiTACS Unit 1 Quantum Theory of Collisions

94



{d—2+k2 U(r)—l(l+1)} y, (k,r)=0 U(r)=
dr? r

\

In the presence of a
scattering target potential

h\E ~V(r)]R=0

E >0 continuum
R 2R 104D o
r re

= Yam . : B
R,(r)= c 1.8 Yy =TR,(r)
2 2
{_h_d_2+{V(r)+21 I(Itl)}—E}yg,(r):O
m T

2m dr

2mV(r)

When lim|U(r)| =

F—o0

——; M:constant and )0

PCD STIiTACS Unit 1 Quantum Theory of Collisions
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R (k)= y,(kr) = kr | CP ), (kr)+CP ()N, (kr) |, r>>"range"

J,(kr): spherical Bessel functions \/Z0’ of the potential
n,(kr): spherical Neumann functions

. | 7 Vs
sm(kr—zj —cos(kr—zj
N =,

Q0 kr ’ kr

Ji (K, r)r_>

i |z |z 1)
sin(kr——j cos(kr——j
y, (k1) rj@@ CO (k) 22 -CO(K) z

(kT (ke
_ ]/

y, (K, r) {Cm(k)sm(kr —%) c® (k)cos(kr —%ﬂ

(2)
[ han) rjoofﬂk)ﬂn(kr—';”w.(k)ﬁ ﬁana.(k) S }
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g!krcosd _ ii' (21+1) R (cos 6)j, (kr)
=0 iK..r

€

WTOI rjw
1 i(kr+6,) —i(kr+4;)
i 2 G2 +D] R(cos)e™) R (~cos)e |
Voo (F1) ] =2 C, =¢"® describes "collisions’

+i(kr—a)t) 1

gtilie-ot) | € : {Zik i(ZI +1)[e2‘5'(k) —1] P (cos 6?)}
=0

Please refer to details from :
PCD STiAP Unit 6 Probing the Atom

Lecture link: http:/mptel.iitm.ac.in/courses/115106057/27 & /28 & /29 & /30
PCD STIiTACS Unit 1 Quantum Theory of Collisions 97




(2)
[ y, (K, r) r:)oo A (k)sin (kr _Ig +3 (k)ﬂ Ean 5, (K) = - (éign ((:)) }

1 - |7Z- 2 |7Z'
y, (K, ) r:)oo[cf( ) (K)sin (kr —?j—cj )(k)cos(kr _Eﬂ

Linear combination of Spherical Bessel & Neumann

We can also write the same as

Linear combination of spherical ingoing waves
&
spherical outgoing waves

PCD STIiTACS Unit 1 Quantum Theory of Collisions 98



sin {kr —Ig+§, (k)}

R(Kk.1) =2 Ak

Rk = AR

4 N
{kr——+5, (k)} —i{kr——+5, (k)}
e

@R (k)= y,(kr) A(k) <

%
Nz Az
alkra 'Eeua,(k) e—ikre+I 2 pi6 ()
v (k1) =2 Ak :
4 L )
k,r) —> A(k)e_ld(k)e : |:eikrei25,(k) _e |kre+|l7z:|
5 Yol —>o0 %i )
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Az
k)e e 2 ikr i —ikr  +ilz
yg(k,r) I"—))oo A( ) > [ekezé.(k)_e kr o+l ]

B G e e e

-5 (k) (_ 1) !
yg(k,r) r:)OO A(k)e 2i ( 1)' |:eikrei25,(k)_e—ikr(_1)l

!

~ ~SI _
V(1) =2 A ee™® e (-]

Linear combination s

of spherical ingoing A(k) B A(k)e |

& spherical outgoing B 2
waves

O ()i

I@? \®) \®)

QUESTIONS ? Write to: pcd@physics.iitm.ac.in  PcD STITACS Unit 1 Quantum Theory of Coliisions 1 0




Select/Special Topics in
‘Theory of Atomic Collisions and Spectroscopy’

P. C. Deshmukh

Department of Physics
Indian Institute of Technology Madras

Chennal 600036
Lecture Number 07

Unit 1: Quantum Theory of Collisions
OPTICAL THEOREM -
-Unitarity of the Scattering
mé Operator
: = Primary Reference: ‘Quantum Mechanics
How many partlgl waves: — Nonrelativistic theory’
Is there an £, — by Landau & Lifshitz
PCD STIiTACS Unit 1 Quantum Theory of Collisions

101



kr—%+é‘,(k)}

s.n{
Rk = Ak)

-
! |[kr—|_”+5|(k)} _I[kr_l_ﬂ+é](k)} .
I‘R(k ry=vy,(k,r) A(k)e —e
‘ r—>oo o

vk = AGo[e e —e -]

Linear combination - A(k)e—i5,(k) (_1)I i \

of spherical ingoing ~ A(k) = >
& spherical outgoing _ilz | :
e 2=(-1)i;
waves ( |) S Matrix element

ilz iz |
PCD STIiTACS Unit 1 Quantum Theory of Collisions e = (e ) - (—1) 102




[kr—l—”+5, (k)} —i[kr——+§| (k)}
2 —e

rR(D= vk =2 AK-

nature of r — 0 solution:

2i

limr®V (r) =0 includes coulomb

r—0
%i(rzde 0D g, 24 “TE-V(]R=0
r<dr dr re h?

i(rzd—Rj—l(Hl)m;—“VerEzwﬁ:o
dr dr _

di(r (;Rj (I1+1D)R(r)=0 <Regardless of E,m
r r

s=lor —(1+1) :
R(r>0)—>r' (anyE)

R(r) = rsiairi

y(r > 0) > r'™

103



f (0)= ylké(z' +1)| e*® —1]R (cos )

g 2 )
f (6)=>Y(21+1) a (k) B (cosd) — f, ():scattering amplitude

1=0

_ :ezwk) _1] _ [S, (k) -1] : - :
C\, (k) = ik = — a,(k) : partial wave amplitude
cos( 25 (k)] +isin|[25,(k)]-1
a,(k)z [ I( )] 2Ik i I( )]

[a(k)_{;' 2sin? [6, ()]} +i {sin[4 (k)]cos[& ()]} -7 _|)}
Rik (—i)

{isinz[d(k)]} {sin[5, (k)]cos[5, (k) ]} ( n[5 (k)]e®
3 (k) ” T

sin[ 5, (k)]e" "t

P (cos Hﬂ

PCD STIiTACS Unit 1 Quantum Theory of Collisions 104
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I'=0 =0

S S (2141) (204 2)xsin[s.()Jsin[5 (k)]

o (-8 (0] j sin @d 9P, (cos O)P ', (cos 9)
0

J
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3

i S (21 +1)(21+1)xsin[3, (K)]sin [, (K)]

277 |1=0  1=0

O Total :F< _ >
xg'1o ()= (0] x[jsin 6d P (cos H)P ", (cos H)}
0 y
/ ( o0 o0 \\
> > (21+1)(21'+1) xsin[,.(k)]sin[ 6, (k)]
Ol = 2ﬂ< =0 1=0 -
Tota 2
sl ()-8 (0] 2 S,
\_ ! 21 +1 )
A7 & .
o :FZ(ZI +1)sin® [, (k)]

=0
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4_7Z_OO

Oroal =72 > (21 +1)sin?[ 5, (K)]

00 =0
Ototal = ZO-I (k) Paﬂ\a\ wave

=0 .
“-‘\bu’[\OnS A7

01(k) =7 (21 +1)sin’ [5(K)]

con

B No contribution to scattering by
5' (k) =Nz that partial wave

31 (k)] =0

Oromal = ZG, (k) > usually, | ~ka; not «
I=0
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/50, =bdbdip

| | \ > X
3 PLANE of the ¢
00 =bobopoacT PO L
Sh PARAMETER ¢l sing 66
oo , =D o(cosd)o
el " 5(cos) (C0sE)op /dO'CI b db\

o0 | =D _5b
o sin6s50

}&\ginggg}gﬂ _dO sing do |
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N
b db
kdQ ﬁn9d9/

PLANE of the IMPACT
PARAMETER

What would be the angular momentum of a classical

—

particle at impact parameter 6 ? r = ,Z)x ﬁ —b x ﬁ
| . ~ap=ark forb~a:"range"

B[l (I +1) ~ K —~ | —ak

Max

PCD STIiTACS Unit 1 Quantum Theory of Collisions 109



partial waves: | < ak
a:"range" of the potential

Often, just ‘few’ partial
waves suffice in the
partial wave expansion

Please refer to details from :
PCD STIAP Unit 1, Lecture 5

Lecture link=> http://nptel.iitm.ac.in/courses/115106057/6

Special further considerations: (1) Resonances etc.
(2) V(r) falls off extremely slowly in the asymptotic region.
(3) Electron correlations. PCD STITACS Unit 1 Quantum Theory of Collisions 110



sin[ 5, (k)]e"

6)=3 (21 +1)
im[ £, (6)] :2(2' +1)

P (cos6)

sin?[ 5, (k)]

P (cos 6)

for every I, for =0, cos(d) =1, B(cosd) =1

Im| f, (6= o]_— (21 +1) sin?[5,(K)]

| =0

above slide 107: o, :i—fZ(ZI +1)sin*[ 4, (k)]

=0

o =47” m[f,(0=0)] OPTICAL THEOREM
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A Incidence

%a?\i:fg?r? 'directions ikrA.A' f ( A, A ') el Kr
Scattering W(r) r:))OO e + r

ﬁ ' direction

_ N
/Any LINEAR COMBINATION of functions of the above

form for different directions of incidence ﬁ will also be a

\_solution to the scattering process. Yy,
4 - anplkl )
. - aikrin 5 f(R.A)€

Y(F) = J] F(R)ETTdo+[] F(n) . do

. dO: elemental solid angle NOTE:integration is over
different directions of incidence

IKr
eT” f (A,A")F (A)dO

Ref.: Landau & Lifshitz, NR-QM §125, page 508 PCD STIiTACS Unit 1 Quantum Theory of Collisions 112

i, -\ pikraA'
\P(r)r:;ooﬁ F(n)e MM go+



. - ikrn.n ek N E (R AN
\P(r)r:;ooﬁ F(n)\/do T” F(n)f(A,nA")doO

eikrﬁ_ﬁ' oscillates rapidly at largeras
incident direction [l changes

Integration is over : A LA
different directions he- € defermined by fi =
of incidence ” F(ﬁ)elkrﬁ.ﬁd where F(ﬁ)~ F(iﬁ')

2

Y S_LSiné)dS Od¢F(ﬁ)

IKr :
+eT” F () f(A,A)dO
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T 2r - 1 A
W(F), 3, | sinads [ dgr (n)gkM A N 20t Yo,
9=0 $=0 o7 °/79 e“'/;g.
ikr 9 i, 0
+E7 01 £ (A,A)F (R)dO ey, oF
~[] ramFm o
B} T krane, eKC N
LP(r)r:))OOZ;zg_[Oan SdIF (n)e™ " +TH f(",A")F(A) dO
~aikrcos3 [ Likr
W), - 22 NE +&7 ([ 1 (A)F (A) do
IF'—0 Ikr r
cos =1
) E(_pne—Ikr E(nnelkr eikr - )
‘I’(r)r:;ool—Z;z ( ilzr +2r (ilzr + - ”f(n,n')F(n) doO
27i| F(-1)e K F(nr)elkr | glkr
R = = =[] (AA)F () dO
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Ikr
+e
;

w(r) I’—_)>oo k

[[ £ (n,n")F () dO

27zi[ (-ae K a)elkr

r

Ikr
Y(r) — { — + k_e
k r r 271 r

: _ayeikr anelkr
. zm}r( e kr Egane ([ (1,49 ) do

dropping the factor {%}

~n a—IKr an alkr
\P(r)rjooF(_”Ze —F(”Ze + [t (n.a"F (1) do

\ 2zl I
R ——— —7

Ingoing outgoing
Spherical wave spherical wave

—ik ik
\P(F)r:;ooe . r F(—ﬁ')—e—r[F(ﬁ')——_Hf(ﬁ,ﬁ')F(ﬁ) do}
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j]f(aﬁ)F(

n

)dO=4zf F(

>
~

definition of the

operator f

(o kK

F(AY— X 4 F(A) }
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—1kr Ikr
LIl(r)r_—;ooe — F(-A")- eTE[_nzm ﬂ (A"

/ e—ikr elkl’ \

V() 3, F () -—— S F (1)

Scattering Operator (definition) S :[1+2ki 1?]

Ref.: Landau & Lifshitz, NR-QM §125,

\\ Eqg.125.3, page 509 Helsenberg (1943)

/
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Scattering Operator (definition) o |

: f |
—1kr
P(r) r:;oo% gzi’jf(ﬁ,ﬁ-)F(ﬁ)dog

—_

‘ingoing’ ‘outgoing’ S —[1+2ki f ]

F (=)

<F (n") s'S F (1)

? of the outgoing wave

>—> measure of intensity of ingoing wave

> — measure of the intensity

Conservation of ingoing = S'S =1=S88'
and outgoing flux S - unitary

Ref.: Landau & Lifshitz, NR-QM §125, page 508 PCD STIiTACS Unit 1 Quantum Theory of Collisions 118



—1kr Ikr — o
\P(r)rj)ooe . F(—ﬁ')—eT§F(ﬁ') S'S =1

Scattering Operator (definition) S :[1+ 2K1 f ]
- N 1 oA R — o~
fF(n):E” f (AA")F (R)dO St :[1_2k. fi ]

SS'* :[1+2ki f ][1—2ki Al ]
SST =1—2ki fF+2ki f +4k> f f°
SSf :1+2ki(F— f“*)+4k2 ffl

[§§*‘ =1} - (f— F’f)zzki ff*}

Ref.: Landau & Lifshitz, NR-QM §125, page 508 PCD STIiTACS Unit 1 Quantum Theory of Collisions 119




—h)
T
N
- )
N~
I
1
—h)
—t
T
N
>
~
L1
||
N
.
—h
1
—h)
—t
T
N
—»
~
L |

Integration is over
< unprimed variables

Integration is over |zt can_ L Al A E (AT A
double-primed ﬂf (1 )_47,” f(A%A")F(R")dO
variables T ek




dO—

— 2ki fm f (n A")F (A")dO"

dO—

— 2ki m F(7")do" |
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[ [f(nA)- 1 (5.A)]F (R)dO=
:zk_;, [ £ [ f (AT F()dodo” |
JJ [f(aA)=£"(nn)]F(f)do=

:”{Zk—iﬂf*nn f (A

for n'=n F(n.m) '” 7)o’
f (f,) o A,1)dO" §: unitary
N
| - L o
2i Im[ f (1, 1) =—jj £ (A,A") dO {\f(”’” )\2=dg../
| A A ..+ optical ]
21 Im[f , N ]_ GTotaI [O-Tma' :_Im[f (n’n ] theorem,

PCD STITACS Unit 1 Quantum Theory of Collis QUESTIONS ? Write to: pcd@physics.iitm.ac.in 123



Select/Special Topics in
‘Theory of Atomic Collisions and Spectroscopy’

P. C. Deshmukh

Department of Physics
Indian Institute of Technology Madras

Chennal 600036
Lecture Number 08

Unit 1: Quantum Theory of Collisions

RECIPROCITY THEOREM
m) _ from Landau & Lifshitz’ NR-QM

Phase-shift analysis

- from Joachain’s Quantum Collision Theory

PCD STIiTACS Unit 1 Quantum Theory of Collisions 124



jj (AA") S :[1+2kif]

Scattering Operator (definition)

~ e—ikl’ elkl’
LP(r)r:))OO ; F(—n)—T S F(n")
~ e—ikre—ia)t N eikre—ia)t _ N
\I’(r,t)r:;OO ; F(—h")- ; S F(A'")
e—i(kr+a)t) e—l—i(kr—a)t)
YYD, 3 : F(—1'")- ; S F(h')
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. e P < .

¥ (r,t)r:>>OO : F'(—n")- : ST F(h")
- e—l—i(kr—a)t) o e—i(kr+a)t) .

¥ (r,—t)r:>)OO : F (-n")- : ST F (A"

PCD STIiTACS Unit 1 Quantum Theory of Collisions 126



e—ikr A elkr ,\
S~ F () -—— S F(1)  Original

(),

function

—i(kr+a)t) —I—i(kr—a)t)

€ F (=)

0 I I -

W(r, t) _)

time reversed function:
v e+i(kr—a)t) o —i(kr+a)t) S
! r:))oo ( ) ( )

space part of the time-reversed function:
+IKr —1kr
€ F (=)~ €

I r

~_

S”F(n")
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space part of the time-reversed function:

—F () =S F ()

let : §*(F*(ﬁ'):—®(—ﬁ')—>definiTion of —®(-1")

i

|

[F (A)=—(S") [o(-A)] =F (ﬁ)=—§[®(—ﬁ')]~}
Parity: Snee (S:;=§
F(-A") = PF’:(ﬁ') B f(—ﬁ%—PS::P(D(ﬁ')]
——PS[@(-A")] ——PSP @ (A')
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space part of the time-reversed function:

+ikr —1kr
€ F*(—ﬁ')—e STFT(RY) Lo ;
o T - F'(-A")=-PS|P®(A")] |

space part of the time-reversed function:
e-l—ikr ~ N e—ikr
r ‘[_pspcp(n )J,_

S” F(n')=—®(—A") > definition of —®(-A")

~~

S F(),

r

space part of the time-reversed function:

e-l—l Kr ~ e—l Ikr
—PSP® (1 [ ~® (- ]
PCD STIiTACS Unit 1 Quantum Theory of Collisions 129
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space part of the time-reversed function:
e-i—ikr

F(A') or ®(fA') .. matter only of notation ...

—_

— PSP =5§
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AN Al 1

Interchanging N &N

S(A,A") = S(=A",—A)

Reversing the signs of )
n &N

PCD STIiTACS Unit 1 Quantum Theory of Collisions 131




Interchange incidence & scattered directions
& reverse signs S(n,n")=S(-n',-n)

scattering amplitudes: f(n,n") = f(-n',-nN)
RECIPROCITY THEOREM

The scattering amplitudes for two scattering
processes which are time-reversed

processes of each other are the same.

PCD STIiTACS Unit 1 Quantum Theory of Collisions
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- )

Interchanging N &

Time-reversal
interchanges the initial
and final states, and
reverses the direction
of motion of particles in
those states.
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PHOTIOIONIZATION 4( SCATTERING

¥  FINAL
(A*)+ € STATE:
SAME
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hv +A*

photoionization B @ ﬁ

‘HALF-S CATTERI“ .

hv + A pand

-e+A+*

SCATTERING

“Motion-Reversal’

U.Fano & A.R.P.Rau:
Theory of Atomic Collisions & Spectra

PCD STIiTACS Unit 1 Quantum Theory of Collisions
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Partial wave analysis

O-Total = io-l (k)

o, (k) =

I ~ka

MaX

0,_o(K) > nzx

through the target!
- NO scattering! (v=-van,

Low energy (~1eV)

scattering of electrons
by rare gas atoms
— Xe, Kr, Ar

(2| +1)sin?[5 (k)]

Consider s-wave

scattering

Ramsauer- :
Electrons just go Townsend

effect

Fic

i. 4. The

ABILITY OF SCATTERING F,

o8 =

06 -

0.4

gz

0.0

}

neenrs A "‘}""

robabiltt
e V

2 3
ECTRON MOMENTUM (/VOLTS)

ring P, as a function of
t} ]ermen TRy, io ization

Demonstration of Ramsauer Townsend Effect
In Xenon by Kukolich — Am. J. Phys. 1968 Vol.30, N0.8

PCD STIiTACS Unit 1 Quantum Theory of Collisions
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v (1) =2 (& =)

ﬁz (2l +1)[P, (cosB)e™ —P (~cos e)e—‘”]

Phase shifts play a central role in qguantum

collision physics.
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l//inc
r—>00 21kr

Z (21+1) [Pu(cosé?)e‘kr—P,(cos@)(—l)' e‘”“}

v (1) 2 (¢ =)

ﬁ > (2l +1)[PI (cos@)e" &> — P (-cos H)e‘”“]
|

Phase shifts are caused by the scattering potential,
so to study them we consider

two different scattering potentials.
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~Yam d_2 2 I(I"‘l)
R,(r)= " {dr2+k
2
§—+k2 I(I+1)—U(r)
2
§—+k2 I(I+1)—U(r)

Normalization

1
Nk =20
1
0 k

yk,r) -

sin(kr —I—ﬂj+tan ) (k)cos(kr —I—ﬂj
2 2
sin(kr —Igthtan o, (k)cos(kr —%)

u(r)=

-U(r )}M(k r)=0

2mV(r)

e

Y|(k’r):O
= U(r)=

y,(k)=0| G-

—
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—U() y,(k,r)=0 <y, (k,r) |EQ.A

_U() y|(k’r):O ><yl(k’r) Eq.B

=

S—

—

d_2+k2 I(I+1)
dr re
d_2+k2 I(I+1)
_dr

Eq.A-EQ.B

Y'Y =YY, _(U _U)7|y| =0

Wronskain of the two solutions Y, (k,r) and ¥, (k,r)

(definition):

W [Y| (k’ r)’ Yi (k’ I’)] =Y (k’ r)7| I(k’ r) —Y, (k’ r)y| l(k’ r)
prime — derivative with respect to r

dW

dr

-——(U-U)yy, =0 dw

——=-(U-U)yy,
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W:_(U U)7|Y|

=P aw r=b ~ r=b 3

r;[a W dr:_ria ( )ylyldr_ ré[a y'( )yldr
Win (k). 3i(k =—f 3 (U-U)ydr

_ r=Db 3
[y, (k1) )=,k D)y D] == [ %, (U=0)ydr

IF'—>00

[, (kDY 'k, D -5k, 1)y, KD = j Y, (U-U)ydr
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F—o0
—o0

[k NV ED-% KDY 'K o == [ %H(U-U)ygdr

r=0

[yl (k,n)y, '(k,r) =y, (k,r)y, (k, r)b

Evalu ated

the asy™
reg\oﬂ

F—o0

ototic y, (k,r > 0)—>r'

since

y(k,r>0)—>r'""

jy.

Y|dr

— —0

r—0

— —0

r—0

Y 1
ACUIE

sin(kr —I—7Tj+tan5I (k)cos(kr —I—ﬂj
2 2
sin(kr —%)Hangl (k)cos(kr —%ﬂj
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Evaluation in the asymptotic region

F—o0

Y|(k’r)7| '(k’r)_7|(k1r)3/| l(k’r) S Yi uU-u yldr
| | nu-u)

y|(k,l’)r:))00 sin| kr ——

sin| kr ——

<l x|k

Y (k,r) I’j)oo

. . '(k,r
1t derivative | ki) =2,

W.rt. r

+tan &, (k)cos

+tan 5 (k)cos

& '(k,r) o

[yl (k,ny (k) -y kny, 'Kk, r)]‘r—mo —

r%{sin(kr _I?”)than 5 (k)Cos(kr _%ﬂ ><\
ol it

kr—|—7Z
2 -
kr—|—7Z
2 —
CoS kr_l_” —tan 5, (k)sin kr—l_”
2 2 )
cos kr—%{ +tan g, (k)sin kr—%

%{sin(kr—%jﬁaméﬁ (k)cos[kr—%ﬂx
{cos(kr—%j—tané, (k)sin(kr—%ﬂ
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Evaluation in the asymptotic region F 500

Y|(k’r)7| '(k’r)_7|(k1r)3/| I(k’r) S Yi uU-u yldr
| | nu-u)

[y (k. 0% D -, (k1) kD], =

{5

[y (k. 0% D=, (k1) kD], =

= —< _ —

cos(kr—%)—tang, (k)sin| kr ——

1 sin[kr —I—”j+tan5, (k)cos(kr—l—”j x
k 2 2

oo e ]

sin[kr—%}rtan&, (k)cos| kr—— | [x

{cos(kr —Igj—tan 8, (k)sin (kr —%ﬂ

sin(kr—%jﬂanéﬁ(k)cos kr—% }x

A
cos(kr—%)—tamﬂ(k)sin kr—% }
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Evaluation in the asymptotic region F 500

%0y =5y D5 | %V -U)ydr
0
. _

=
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Evaluation in the asymptotic region F 500

Y|(k’r)y| '(k,r)—7|(k,l’)y| l(k’r) S Yi uU-u yldr
| rio (U-U)

—a0

%[—tang,(k)ﬂan& _[ y,(U-U)y,dr
tan g, (k)—tan g (k) =k TO y,(k,)(U(r)-U(r))y,(k,r)dr
r=0 .

when U (r)=0 (free particle!) .

F—o0 L

tan &, (k)= —k j {rj, (k, r) CU(n){rR*(k,r)}dr
r—00
o tan &, (k) = —k j j, (K, U ()R (k, r)r&d
Normalization: r=o

|

RV (k,r) — 2 j(k,r)—tan &, (k)n (k,r)
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[tan S (k)=—k r_j)oo j (K, U (NR'(k, r)rzer

r=0

F—00

tan &, (k) =— j {(kr) jy (k, PO {rRY*(k, r)} dr

r=0

[—00
Ry (r —>o0) > 2{(kr) jikn)j —> __ =~ _ 2sin (kr B %j

KmptOtIC
enavior
E >0 continuum for V=0
rR'*°(k,r) sin kr—l—ﬂ+5(k)} Examine
=2 2 their
| Iz ‘nodal
V=0
R (k,r) r—)oo sin kr—?} behavior
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| 7

rRY”°(k,r) —> sin kr——+5(k)} has nodes at kr—l—ﬂ+5,(k)=n7z
| r—>00 2 2

rR'=°(k,r) —> sin kr—l—} has nodes at kr—l—ﬂ:nn
| r—o | 2 2

n=0,1,23,4,....

<
rRl"io(k,r) r:) sin kr—%{+5(k)} — nodes @[r—i[mw%z—&(k)}

o0
_ _ _ y
rRY="(k,r) —> sin kr—l—ﬂ} — nodes @[rzi{mﬁl—ﬂ} }
! —>o0 ] 2 k 2
n=0,1234,....
g ()

nodes of RViO(k r) are pulled/pushed by ———=

with respect to those of R'= (k, r) depending on
6,(k) » 0 or 5,(k) 0.
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- rRIV¢°(k, N —

nodes @ r = ﬂn;m%—é(k)}

QUESTIONS ?
Write to: ™ p1
pcd@physics.iitm.ac.in

==

i o 5,(k)<0 or |o,(k) ) Q| .
i (kr) L Repulsive Attractive
o v-o Il I Potential Potential
- . I
T 4 =T
B d —_—— = -

Reference: Joachain: Quantum Collision Theory / page 80
Fig. 4.4. Schematic representation of the effect on the free radial wave filkr) of (a) a

repulsive (positive) potential, (b) an attractive (negative) potential,
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Select/Special Topics in
‘Theory of Atomic Collisions and Spectroscopy’

P. C. Deshmukh

Department of Physics
Indian Institute of Technology Madras

Chennal 600036
Lecture Number 09

Unit 1: Quantum Theory of Collisions

More on:
Phase-shift analysis
- from Joachain’s Quantum Collision Theory
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— rRIV¢°(k, N —

R, (") B
| V(-0 — T 1 |z
Repulsive | I ! nodes@r = {nﬂ+——5 (k)}
Potential ! K 2
I —r
D |
V=0 I\ (k)
nodes of R"™"(k, r) are pushed/pulled by
with respect to those of RV °(k,r) dependlng on
5
1 o (e (oorfs) .
e _ ;
Attractive i tkr) o Il;zepulgl\/le 'E‘)ttraCt'.V?
Potential e —— 1.\{_:0 I. I otentia otentia
No

o| a

Reference: Joachain: Quantum Collision Theory / page 80
Fig. 4.4. Schematic representation of the effect on the free radial wave filkr) of (a) a

repulsive (positive) potential, (b) an attractive (negative) potential,
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tan S (k)=—-k j, (k, U (NR (k,r)rd
{an (k) jo ji (k, NU(NR, (k,r)r rJ () —U (D)

U((r)=U(,r) A . coupling strength parameter

F—>00

tan g, (k)—tan g (k) =k j y,(k,)(U(r)-U(r))y,(k,r)dr

tang (k)—tang (k) 2% (U -U(n)
P =K I ¥ (k1) ———— Y, (k,")dr
C;j—/l(tan5( =K j yi(k,r) O (}L ) y, (k, r)dr
1 da(k)_ 1 GU(/I r)
cos’sy (k) di K _[ yi(k,r) y, (k,r)dr
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F—00

tan &, (k) = —k j j, (K, U (NR (k,r)ridr

0 U(r)=U(A,r)
U(r)=U(A,r) A1 coupling strength parameter
1 dg(k) T aU(4,r)
[coszé‘,(k) di k rio yi(k.r) y, (k, r)dr
PO _ oot | nikn Ny ner
dA - ! 20 Yi(K, EY) Y, (K,
di‘,ﬁk)z—k{l} [ 9k F0 e
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rTOO k2D gnar) UM =U)
A . coupling strength parameter

r—»00

~_K j ,(k,r)ﬁuéj’r{[y,(k,r){l+...}]dr}

_k f (ot )]2 aU(z ) o

= -

If the sign of [6U (4, r)} then [M} has
oA oA

>} L -

does not change in the opposite sign
region 0<r(w
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= -

If the sign of [@U (4, r)} then [M} has
oA oA

>} L -

does not change in the opposite sign

region 0<r(w

— —

0,(k) — hitherto defined modulo =

can now be defined as an absolute angle
by setting 6, (k) =0 for U =0, and
let 6, (k) evolve continuously with

the control parameter A to get :

tan &, (k) =—k j j, (K, U (NR, (k, r)redr
r=0
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Strict finite range
V(r)T V(r)a)=0

‘ r :Aa RI (k’ r)]exterior -
r{air)a

— A I _ Prime;
dR, (k,r) A(k) [ L RiOn (kr)] derivative
R (k,r) and ————~ are continuous at r =a. wor.t. Kr
dr atr=a

{dRu(m} {dRu(kr)} K[ § (kr)—tan 5, ()| (kr) |

v (K) = dr _ dr =
| R (k,T) R (k,T) AN i (kr) — tan &, (k)n, (kr)

> [

Fr=a
interior exterior

Loga_rithmic derivative of the radial wave function at r = a

Prime:

_—————— Lepime
@ - k| j (ka)—tans (k)n (ka) | oo

T [(ka)—tans (K)n (ka)]  atrea
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Logarithmic derivative of the radial wave function atr =a

|: , m <-I_ Prime:
i a) —tan o. N a derivative
7/| (k) _ w.r.t. Kkr

J, (ka) —tan &, (k)n, (ka) |
N

]
p
an ) L. (D=7 (@) | [ma):()}
. kn' (ka) -7, (k)n, (ka) | g
V(F)T i ; V(r)d): negligible
| r=a r=d)a evenifnotzero

(K, (k) = 7 () o k) | [We shall

consider
kn, (kd) = (k) (kdl) | LV02)=0,
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tand, (k) =




[

~N

ans g0 LD =705 K] | 9.0 (’kl) (ka)
A | 4
[kn' (ka)=r (fn (ka)] \T definition : dilmensionlessj
K ta) | ! ki (kf% )
kj;(ka)—< I:I (ka) > ], (ka) T y (k) _ JI (ka)
q, (k) | q (k)
tandj (k) = - S ) ~ ' o
kj.'(kf% ] N \ _
kn' (ka) - ” l:')(ka) 1, (ka) j (kfy (a)
© k) — (li') j, (ka)
‘ K tano, (k) == —— ” = =L
Wno i (ka)
cance n (ka)—- % (ka) L, (ka)

q, (k)

J
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tano, (k) =

ji (ka) -1

rj"(k%ka)\

q, (k)

- Ji(ka)

| j"(k%ka)i

1—

| (ka) -

tano, (k) =

q, (k)

n (ka) -

(j"(k%ka)a

q, (k)

1

|

(k)

i) :
A (ka) 1, (ka)

j (ka) j (ka){q, (k) -1}

n; (ka) —+ 0 (k) o, (ka)
L
j (ka){ .
tan o, (k) = '
n (ka) -+
| G (k)
tan g, (k) =

g (K)n, (ka) j; (ka) - j; (ka)n, (ka)
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j, (ka) j (ka){q (k) -1}

low energy

tan &, (k) = —— - ?
0= 4 ton ey (k) (k)m (@) ko
i 1, 122 :
1(2)= 4 1- 2’ + (2 j __—
7 —ka (21+2)1! 11(21+3) " 21(21+3)(21+5)
(21 +1)11=1x3x5x 7 x.....x (2| +1)
n(z) = (2|—1)!!:1><3><5><7>< ..... x (21 -1)
_ 1, lzz 2 _
__(20-1)u . 5 N (2 j o
7' 1(1-21)  2!(1-21)(3-2I) 50
| 7 (21-1)n
@) 3, (21 +1)1 N(2) By
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D :[p+} [D'_}: [(2|‘+1)!!} [(2i 1)1 D_, =1

1 1 1 1

D, (2+1)(21-1)1 1x8x5x..x(21+1) 1x3x5x..x(21 1)

1 2x4x6x..x(2l) y 2x4x6x..x(21-2)

D, _1x2><3><4><5><..><(2|+1) 1x2x3x4x5x%..x(2-1)

1 2'><1><2><3><..><(|) 2'_1><1><2><3><..><(|—1)
— X

D, 1x2x3x4x5x.x(21+1) 1x2x3x4x5x..x(2l-1)

1227l (1-1)! (21 +1)1(21 -1)!

D (21 (2-1)! 2T 1)
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low energy

j, (ka) j (ka){q (k) -1}

tan &, (k) = —— - ?
0= 4 ton ey (k) (k)m (@) ko
Zz=ka | ()0 |. Z' D
(@) z:>)OD_+ n(2) 730 7'
D, = (2 +1)! D_=(21-1)!
4 O
. M (2 1) (1 +1)!
1,(2) 5020+ (2) 35+ =
\ /
. P (21-1)n( +1)
1,(2) 50(20+ 1) (@) 3=
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low energy

j (ka) j (ka){q, (k) -1}

tan S, (k) = . _ - —> ?
| q,(k)n (ka) j (ka)— j, (ka)n (ka) k50
z=ka | ()0 . ! D
e ol and n@) o2
: 1z D (1+))
J,(2) 230 D, " () 730 7'+ RSN
ow ( 5 j(D ){% (k)-1}
tan 5, (k) — - — —
50 (k)(D(I+1)j[z j_(lz ](_ Dj
o | ZI+2 D+ D+ ZI+1
tané',(k)eri;]y {g,(k)—1} 1z~ ><Z_ i
k—0 DD q (k)(l +l)Z 2417272
low
energy . 21+1

TR B!
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low

21+1

tan &, (<)eri1y q (k) ~1 Z V-0 (1) = kj, (ka)
S0 DD (1) " k)
14 > 0 g, (k) | +1
) — Kika)li(ka) 7 k) By
I definition 7 (k) ¥, (k) 7, (k) _I)<:>>O_> ?
} i’ ,0=ka (ka)' | |p|—1 p:ka I(ka)l—l
e = {Dj - { D. } i) =0 {T} sy
: Ki(ka) ™" _ kI | |
V=0 _k 1 K =5 0) =
!e?]v(\e/rgy ( | k j_l 21+1
tané‘,(k) N a7/l( ) I Z —
k—0 +

D.D [

ay, (k)

[
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low | -1 L= ka
energy a7/| (k) Z2I+1

o) 2 oo | (Hlj” £)0
ay (k) )L |
low
energy I . k Z2I+1
tans (k) - —n)

>0 DD (I+1)+ay, (k)

tan &, (k) 'e%VeVrEy (k)" 1-a7 (k)
"0 DD (1+1)+a7, (k)

7, (K) = lim 7, (k)

Drgy it ag, =—(1+1)
tano; (k) k:>)0 (ka) > 'zero energy resonance’
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!e%vc\a/rgy (ka)2|+l [| _ar ] low
tans (k) — 7 | energy
k>0 D (1+1)+ay, where 7| 20 | 7 (k)

%

D, =D, D = (21+1)1(21-1)1t forl) 0

+

RECALL.:
f (0)=(21+1) a, (k) P(cosd) > f, (6): scattering amplitude
1=0
] 3w

a, (k) = = a, (k) : partial wave amplitude
(k) - o (k) p p

low
energy

For small 5| (k), 5| (k) ~ tané‘l (k) k_)o k2|+1
ﬁ
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S, (k)= S matrix element
S, (k) =cos (24, )+isin(24,)

~1+(2i5,) o
. 21+1 . e 21+1
S, (k)z1+(2lc,k ) since 9, - k

Partial Wave} al(k):[S.(k)—l] (2ick™) e

amplitude 2ik  2ik

Contribution to 5 " Falls rapidly for
partial wave cross- |a| (k)| —K small k, except for
section /:O
‘scattering length’ > especially useful to
describe low energy ‘s-wave only’ scattering
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Scattering length 4o Low energy ‘s wave’ scattering

tans. (k . .
A3 Dimension: L

definition « = —lim

Partial wave} w2 [8100-1] [ -1] cos25 +isin2s, -1
(k) =

amplitude e ok o
ngao(k):Ikmgc05250(k)+2i”s(in250(k)_1
i (coszéo(k)—sinZ50(k))+(2isin50(k)cos5o(k))_l
= lim
= 2ik
:|im(11_75in25 ) (/2'I3|n5 COSé‘ k)) ,1’
k—0 /ZIK
—sin? &, (k))+(isin &, (k) cos 3, (k
( sin o( ))+(Ism 0( )Cos 0( )) ol

lim &g (k) =1im ik

fima, (k) z |sm-5O (k) i} tan-50 (k) _ i 20 5 (k) .,
k—0 k—0 ik k—0 1% k—0 k
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. . tand, (k)
im0 = i = P = -a

0

f (6)=> (21+1) a (k) P(cosd) — f, (6):scattering amplitude

=0

1] [si00 1]
2ik  2ik
Low energy ‘s-wave only’ scattering |P_,(cosd)=1

a,(K) = — &, (k) : partial wave amplitude

(

\
fk (9) — ao(k) kio_a — ‘ -I:k_)o (6)‘2 _ aZ

L Ototal = C_fj) ‘ fk (@)‘2 dQ= 47[0[2)
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K (ka) -7, (K) ji (ka) |

) R @) ntona | o
0 [ o ta] =
in(2) =% ny(2)=- 2%
J.;(Z):co;s Z si;z; n;(z):Sir; Z+ cozszz
z = ka
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K., (k&) =71 (K) o (k@) |

tangd,_, (k) = =—
o |:kn|_o (ka)_7/|=o(k)n|:o(ka)]
'(z)_s‘iﬂ ()= 598 7 ) |
Jo(2)=— B 7/(k):kj0(ka)/10(ka)
@)=t M=ty 521 0, (K)
) ki, (ka)/ j, (ka)] .
|:kjlo (ka)—{ JO( 2)(kj)0( a)}JO(ka):|
tand;_o (k) = -
o (ka)— {kjo (ka)/ j, (ka)}no(ka)
Ay (K)
ans - (k) - ki, (ka), (k) — ki, (ka) |

{kn;O<ka>qo<k>_kj;<ka>{;‘ogtg;}}
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K (ka)gy (k) — ki (ka) |

tand,_, (k) =
{kn;o (ka)q, (k) — ki, (ka){ TZEtZ)) H
ang () - e [0 (K) 1]
‘ {n;o (ka)d, (k) - Jg (ka){mﬂ
(@) =% () =- 2=
(@)= TR @)= T
[ o e
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ans (k)_)[cos ka  sin ka} [9, (k) —1]
1=0 K50 ka ka 2 . .
( ) sin ka+ COS kza 0 (K) — cos ka  sin kfl {—cot(ka)}
2 ka (ka) ka (ka)
(ka)
X 2
(ka)
tand,_, (k) — (kacos ka— sin ka) (%091
T ko0 [(kasin ka+ cos ka)g,(k)—(kacos ka — sin ka){—cot(ka)}]
2 4 3 5
0059:1—9—+0—— ..... 00050:6’—9—+9—— .....
21 4l 21 41
3 5 4 6
sin9:0—9—+6—— ..... 95in0:02—0—+9—— .....
3! 5l 3! b5l

3 3 3
9cos€—sin9=6’—%+..—6’+%..z93(l_1j:_6’_

2 2
Hsin9+0039=92—..+1—%,,21+%
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[q, (k) —1]

tandlzo(k)kjo(kacos ka— sin ka)

[(kasin ka+ cos ka)q,(k)—(kacos ka — sin ka){—cot(ka)}]

3 3 3
90059—5in9=9—%+..—6’+6— .zef{l_lj:_e_

3l 6 2 3
95in9+cos¢9:92—..+1—%_,=1+%
tand (k)_){_(kaf} (G0 (K) 1] .
e 3 (ka) (ka)
HH > >q0(k)—3{cot(ka)}
J «
p
3 3
cot6’~£—E —9—.. (ka) 1 —Ek B
& 3 45 3 ka3
-
(ka)a} [0, (k) ~1]
tano,_ (k) — 1 - - K)—1
k—>0{ 3 [qo(k)—(ka)} tané‘l:o(k)k:)o(ka) [qo() ]2
QUESTIONS ? 3 [—Sqo(k)(ka) +1J

erte to: pCd @ thSICS. litm.ac.In PCD STIiTACS Unit 1 Quantum Theory of Collisions 174



Select/Special Topics in
‘Theory of Atomic Collisions and Spectroscopy’

P. C. Deshmukh

Department of Physics
Indian Institute of Technology Madras

Chennal 600036
Lecture Number 710

Unit 1: Quantum Theory of Collisions

ay, =—(1+1)
”ﬁ, — resonant condition
in the ¢ partial wave
ZEro energy resonance
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AT energy  (ka " _as
1650 sty (@) 1-a7(k)
-0 D,D_ (I+1)+ay, (k)

ﬁ i )}

=

S, (k) =cos(28,)+isin(26,) =1+(2i8,) for small &

low
energy
S, (k) ~1+(2ic k™) since{@ — kz'“}

k—0
Partial wave amplitude Phase shift tends to
. 21 zero (modulo 1)
(k) — [S, (k) 1] :(2lc,k ):ckz'
| 2ik 2ik |

|a, (k)|2 —k*  Falls rapidly for small k,[except for /:O]
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s\id — TR N
energy a _
o )y (<) a7 ()
g -0 D D (I+1)+ay, (k)
mrmmmimimimimioe -
siide AT " tans,_, (k) — (Ka (% ()] !

iIf ay, =—(I +1)
> 'zero energy resonance’
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= 0 k) -1 . (ka)/ j, (ka
etand_o(k)—>(ka) (%K) 1] — with (k)= jo (ka)/ jy (ka)
=0 1-30,(k) (ka)” | 7o(K)
: : cos@=1—%+%— .....
i()=3nz . j;(Z):c:os z_sm22 gé (95;
‘ z Z sinfd=0——+——.....
31 5
Siﬂzl_e_2+9_4_ wZE—Q‘FH—s ......
0 31 51 0 e 2! 4l
sin9_£_£+(9_3_
2 4 2 02 _H 3| 5' .....
()= —%+%— ..... zl—%+0(z4)

: iy 1 1 1
ie. Jo(z):(—g)z+(24—120j23
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(=9 [do (k) 1] | ki, (ka)/ j, (ka)
k) — (K h| gy (k) =
i 2,0) [1—3qo(k)(ka)‘2} w %0( ) 75(K)

(@ =1-Z (')

o {5 ez o}

z =ka "




= 0 o(k)-1 : ki, (ka)/ j, (k
etand_o(k)kjo(ka) [:L_[qu((k))(k]a)2J with qu(k)— Jo ( j‘/)(kj)( a)}

0, (k= 0) > (_513 (ka)2+(1g()j(ka)4 %(_;)(ka)zj{lj(ka)él
| a1 o 7s(K)a
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(k) -1
tang,_, (k) > (ka) [1—[;((:)(;(]&)2} ......... for | =0
e: 0 ((—lj(ka);
qo(k—>0)—>< 3 (
([ 1 ) 7o(K)a
([=)0r |
-1
[0, (k) -1] vo(K)a

1-3g,(K) (ka) | 7 1-30,00(ka) ']

1

(—éj(ka)z —7,(k)a

— -2
1-30,(K) (ka)” |, (k)a
000-1] ~7,(K)a
1-30,(k) (ka) * | ignoring |1-3q, (k) (ka) * | ,(k)a
terms
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tané>‘,:0(k)k:>o (ka) [1_[;;(2)&2)2} ......... for | =0
(=0
w0-1] ~o(K)2
1-30,(k) (ka) * | ignoring |1-3q, (k) (ka) * | ,(k)a
terms
tang,_, (k) — (ka) ~7o(k)a L.for 1 =0

=01 3g,(0) (ka) * [ (0
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tans,_, (k) — (ka) “rolk)a L forl1 =0

20 1-30, () (ka)” [ty

-1
tano, (k) — (ka ..forl =0
002 )1—3qo<k)(ka)‘2
4 ( 1) , )
y . - |(ka)
(o= k@) do(ka), o gy 1 3.
70 (K) 4%,
_ where: 7, =limy, (k) for 1 >0 y
tané‘,zo(k)k—>0(ka) e 2 forl =0
- 2
(—j(ka)
1-3|~ 3" |(ka)?
Yol
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tand,_, (k) k—>0(ka) _

1—3( 3

tand,_, (k) k—>o(ka)

tand,_ O(k) - (ka)

PCD STIiTACS Unit 1 Quantum Theory of Collisions

W%

Lforl =0
(ka)”
for |l =0
LLforl =0

[1+7,a]
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low 21+1
energy (ka) | — aj)l
a2 bo (1+1)+ay,

.for 1 )0

tano,_, (k) —

0

WAL
ka - ..for 1 =0
(=0 ( )[1+7/0a]

Both cases: o

s g (k) 1-ap
ol = D.D_ (I1+1)+ay

forl >0

what if: ay, =—(1+1) — resonant condition

in the (™ partial wave

The case | =0 will be considered later.
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first,
(>1

)i (2) =

Consider the ‘'next’ term in the low
energy approximation and compare its
Importance with that of the
conseguence of the resonant condition:

ZI

(21 + 1)1

2
1 (122j
2 . 2

C1(214+3)  21(21+3)(21+5)

ay, =—(1+1) — resonant condition in the (" partial wave

(D) = =
(21+1)1

+O(ZI+2)

PCD STIiTACS Unit 1 Quantum Theory of Collisions
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first, ( >1

Corrections: O(z'*?)

ReCa\\ Z =ka
h I
oK) T K1 | g(k—0) s
T Te a 7, (k)
— I
gk —>0)= m
I
Y Next order modifications: l
V=0 I+0(k?*a?) |+0(k?a?)
7/|_(k)k_> : g (k—>0)=
i ay, (k)

PCD STIiTACS Unit 1 Quantum Theory of Collisions
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fII’S’[, (> 1 A 67 0 Lcr’]‘g’rgy (ka)2|+1

de 10 . q (k) -1
Erom slide recall:  tan g (k) — D.D.

ato!

1 +0 k2a2)

(an (k)

Use next order term: q,(k —0) =

ay, (k > 0)=—(I +1) — resonant condition in the ¢ partial wave

— ‘ I k2 2
- — q, (k—)O): E__O(I(+18)j)
= {I+O(k2az)}_l
tan5(k)§1vg—rfJy —(1+1)] X (ka)zm
o D.D_ {|+O(k2a2)}(l+l)+1
~0-0] ]
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I+O(k2a2)

)€ Z 1 ans (k L%Vgrgy { |:—(|—|—1)] }_l (ka)2|+1
= tan o, ( )k:>0 D.D {I+O(k2az)w+l
A7)

I +O(k2a2)
Ie:%\glrgy |:—(| +1):| -1 ka 2141
= tan o, (k) — ( )
k—0 D.D. O(kzaz) j

I{I+O(k2a2)} 1 { ? } .
doy | [ ) erergy | [ — B 21-1
= tan o (k) — [ (|+1)} (ka@ = tan g, (k) — [ (I+l)] (ka)
k—0 D+D_ k—0 D+D_
Resonant e t=1
contribution © energy 21-1
(" oartial wave | @30 2y (@)
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(>1 |
e%vt\a/rgy 21-1

tan 5 (k) —> ( a)
k—0

S, (k) =e™ =cos(26,)+isin(24,)
~1+(2i6,) for small 6,

low
energy

S, (k) ~1+(2id,k* ™) since 5, — k*

k—0

o0

f (6)=> (21+1) a (k) B(cosd) — f,(&):scattering amplitude

=0

N G LY

— a, (k) : partial wave amplitude

2ik 2ik
Resonant -
conwribution of the £:>21 1y Gigyeny ]
(" partial wave (k)= 2ik =0k
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o0

f (6)=> (21+1) a (k) P (cos8) — f, (&):scattering amplitude

=0

1] _[si00-1]

a,(K) = o = — a,(K) : partial wave amplitude
Resonant

contr'\but\on of the E > 1 [1+(2ia, kZ'_l)—l] — s
éth part'\a\ wave 8 (k)= 2ik =dk

for (=1: k??=k=1

_ _ A  <€Whatis the contribution of
for = 1’ a'=1(k) B d'=1 <this term to the scattering amplitude?

(21 +1)a_,(k) R (cosH) |  =3d,_cosd=pcoso
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o0

f(6)=> (21+1) a (k) B(cos®) — f,(0):scattering amplitude
1] [s0-]

a, (k) = = a (k) : partial wave amplitude
(k) o TR (K):p p

We have, for =1
(21+1)a_ (k) R (cosd) |  =pcoso

We have, for ¢=0: [(2| +1)a,_,(k) P_,(cos 9)120 =—

scattering amplitude — f, (6)=—a + fScosé
when a7, (k) =| —(1+1)]  =-2

resonant condition in the partial wave for ¢ =1.
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o0

f(6)=> (21+1) a (k) B(cos®) — f,(0):scattering amplitude

1=0

1] _[si00-1]

a, (k) = m = — &, (k) : partial wave amplitude
1+(2id k*)-1] _

a.(k)=[ ( o ) Ld.kz'-z (>1
— D Thus the utility of
if (=2, a,,(k)=d,k* — 0 Ay

_ ‘scattering
f(>2a_,(k) > 0 length’

k—0 formalism.

scattering amplitude — f, (8)=-a+ fcosé
when az,_ (k) =| —(1+1) |  =-2

=1
resonant condition in the partial wave for 7 =1.
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low 21+1
energy ( ka _ad
tan & (k) — (k) _1-a

— .forl >0
>0 D,D_ (I+1)+ay,

ifiwhen: ay, =—(1+1)

— resonant condition in the (™ partial wave
Above,
we first considered resonant conditions for | >1.

NOW, we consider the case for | =0.

For1=0, ay, =—(1+1)=-1
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e

180 1
Erom s\id qo(k_)o)_)( 3)(ka) +0(ka)
7o(K)a

1 2
................................. : (_§j(ka) +0(ka) 1), .
IO I A T w— :(—3)(ka) +0(ka)’ —7,(K)a
(13, (ke) |~ [1-30,00(ka)” | 11-3,(0) (ka) * |, (K)a

[0() 1] . ~7,(K)a
|1-30,(k) (ka) * | ignoring 1-3q,(k) (ka) * |7,(K)a
terms
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[0, ()-1]
[1-3a,()(ka)* ]

tand,_ 0(k) - (ka):

LussssssssssssEsssEEEssEssEssssEssssEEs 000000909090 RN EEEEEEEEESESEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEES

ans(k ) — ...
ano, )k:)o( a)[ﬁoa—:%(?oa)%(k)(ka) 2}

Yo = !('_rfg?/o(k)
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tans,_ (k) —> (k 78 .forl =0
o s wtoa)]

(—%)(ka)z O(ka)’

ki, (ka)/ . (ka
0o (k) = o(ka) 1o ); Qo (k = 0) — -
7o(K) 7,a
when ay, # —1 (non-resonant), For =0, whenay,_, =—(1+1)=-
. 4 resonant part 4
we had ignored (ka) we consider next order term in (ka)
tand,_, (k) — (ka) = e : _
k—0 1 9
(-3 0t
v,a—3(7,a ka)™
Yo (7/0 )< 7 a >( )
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For =0, whenay,_,=—(1+1)=-1

resonant part

. . 4
we consider next order term in (ka)

tand,_, (k) k—>0(ka)><

tan5|20(k)k—>0(ka)>< _

ay_,=—(1+1)=-1

tano,_

I (1 2 s ] ]
-~ |(ka)" +O(ka)
od—3(7oa)s ( Sj > a >(ka)_2
i 1 _
T ~
—— |+0O(ka
(—1)—3(—1)<( 3j(i))( | >
! L ]
(k) > (k) x = SN
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Forl=0, ay_,=—(1+1)=-1
resonant part 4
considering the next order term in (ka)

tan &, (k) ) =9 _S(ka)

Iklggao(k): Iklirg ” =—a

definition:  scattering length

Iim05—>i as k = 0,
k—0 k?

scattering length diverges as 1
“tang_, (k) - blows up! %
=0 k—0

tand,_, (K) — oo when &_ (K) — % 727
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Just below @ = g

S both sing and cosd

JsIing ! : .
; Y i . are positive.
/ i ! i i
[ L | T
S uaiuit e i iaieh il tele it - - Just above 925,
_|' b 1 '.. 1

{7 Y sind > 0and cosd <O0.

i Yo tan @ reverses +oo0 0 —oo

L o

cos@" . ¥ T 37 51

B b Rt Aa--signat O0=—,—,—

F 5

o=
T

L] ] ] ] = i
a 4 =

6 In radiané —
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| tan ‘.9| tan @ reverses + o to —oo

II ‘ -~ sign até?:%,%z,%z,...
: | L |
ow
1 2 17 energy B
[ tanf=0+=+—6"+—0" +..tn5 (k) - K
" 3 ! 15 31.5 non — resonant
'4 |7Z-| ‘ >‘ é‘l(k) — 0 modulo =
3 T 7 z JF 5
2 2 2/ 2
1 —0 ar . =—
tans_, (k) — For1=0, ay,_,=-1
k—0 _3(ka) resonant part

Zero energy resonance

tans,_, (k — 0) — —oo, and 5_, (k) —% (modulo )
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as k >0, &_,(K) —>% (modulo 7)

0

f (6)=) (21+1) a (k) P(cos®) — f,(&):scattering amplitude

1=0

1] _[si00-1]

a, (k) = ok = — &, (k) : partial wave amplitude
a, (K - 0) = So(k_) -1 {cos 25, + sin 26, —1}
21K 21K 5022
2
aﬂ(k_m)_{cos;zﬂ_smn—l} :—1_—1: —_2 :_—1:L
21K 28y=" 21k 2tk 1k k
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(=9 ao(k—>0)—>[

CoS 7 +isin 7Z'—l:|
21K 0.

Forl=0
resonant part
ay,, =—(1+1)=-1 Zero energy resonance

o0

f (6)=>Y(21+1) a (k) RB(cos®) — f, (6):scattering amplitude

=0

a2 (k) _q B
a, (k) :[ _ } = [S' (k_) 1] — &, (k) : partial wave amplitude
21k 21K _
2 4 i
dQ:k—Z [fk—>0 (H)JI:O _E
“Zero energy

resonance”

3z S QUESTIONS ?
2 2 @ Write to: pcd@physics.iitm.ac.in

!
k

G (k= 0) =P [T, (0) d =4}

x—sec blows up as k_12 (i.e. as ij ask —0
E

5,:0(k—>0)=%,
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Select/Special Topics in
‘Theory of Atomic Collisions and Spectroscopy’

P. C. Deshmukh

Department of Physics
Indian Institute of Technology Madras
Chennai 600036

Lecture Number 11
Unit 1: Quantum Theory of Collisions

—

Number of
bound states [ Scattering
of an attractive | phase shifts
1949 potential

Levinson’s
theorem
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Forl=0, ay_,=—(1+1)=-1
resonant part 4
considering the next order term in (ka)

tan &, (k) ) =9 _S(ka)

Iklggao(k): Iklirg ” =—a

definition:  scattering length

Iim05—>i as k = 0,
k—0 k?

scattering length diverges as 1
“tang_, (k) - blows up! %
=0 k—0

tand,_, (K) — oo when &_ (K) — % 727
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| tan ‘.9| tan @ reverses + o to —oo

II ‘ -~ sign até?:f,s—ﬂ,S—ﬂ,...
2 2 2
|I | N o
W
|'I 1 2 17 energy
ftanf=0+=0"+—60"+——0" +.. () 3 K
: 3 15 31.5 non — resonant
l |7Z'H >‘ 5,(k) — 0 modulo 7
3 T 7 z JF 5
2 2 2 2
1 Forl=0 resonant part
tano,_, (k) >
“O250@) (11 2o

tans,_, (k — 0) — —o, and &,_, (k) —>§ (modulo )
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For | =0 whenay,_, =—(1+1)=—1 resonant part
Zero energy resonance

as k —0, &_(k) —>g (modulo 7)

0

f (6)=) (21+1) a (k) P(cos®) — f,(&):scattering amplitude

1=0

1] _[si00-1]

a, (k) = ok = — &, (k) : partial wave amplitude
a, (K - 0) = So(k_) -1 {cos 25, + sin 26, —1}
21K 21K 5O:7T
2
aﬂ(k_)o)_{cosfzﬂ_sm;z—l} :—1_—1: —_2 :_—1:L
21K 28y=" 21k 21tk 1k k
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(=0 50 {amﬂ+iﬂnﬂ—1} i
Bk =0) > 2ik 5= K

N

0 2
Forl=0
resonant part
ay,, =—(1+1)=-1 Zero energy resonance

o0

f (6)=>Y(21+1) a (k) RB(cos®) — f, (6):scattering amplitude

=0

e2i6 () _q B
a, (k) :[ _ } = [S' (k_) 1] — &, (k) : partial wave amplitude
21k 21K _
2 4 i
dQ:k—Z |:fk—>0 (Q)JI:O _E
“Zero energy
resonance”

!
k

Gt (K —0) =P \fk(e)\zdﬂzcﬂi

x—sec blows up as iz (i.e. as ij as k -0
K

E

37 5rx

T
s (k—>0)=2 2 22
-0 ) 2' 22
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LEVINSON’s THEOREM Kgl. Danske Videnskab.

reference Salskab. Mat. Fys.

ZEro 0{5, (k): 0, (K >00)=0 Medd.25 9 (1949)

....... For:

O (k >0)= Ny 7 /N “half-bound” state

or &, (k —>O):(no+%j  if thereis 3 (resonant)

“zero energy resonance” bound state solution

blows _ at zero energy.
G (k —0) 0 k_12 when Aa :\/an:%
k T
k=07 | §(K—=>0)=n 7 ... for
(ny+1/2)m when £=0
SA0)=8 =)= and a half bound state occurs

n7  the remaining cases.
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Square well attractive potential

Ut r—a U(r)=-p° forr<a
- > T =0 forr>a

—,62 | Yaw = ngI (r)
L {V() h "'i”} }yg.(r)=o

me: =0

I R R

ZmE__ 2 g2
2 {—2+{—U(r)}—72}ygl(r)=o

discrete bound state
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Bound states of the SPHERICAL well attractive

_ otential
U (r) t r=a =0 Yaur = R, (r) P
> | d2
| S HUM) - a0 =0
dr
—,52 | discrete
bound state U(r)=-p°forr<a
=0 forr>a

{3_:24“52 —7/2:|yg|(l') =0 forr<a y,(r)= Asin(r\/ﬂz —72)

2
{%—yz}ygl(r):o forr>0 vy, (r)=B e /T
2 2
Continuity at r=a = @n(a\/ﬁz—yz)/:_\/ﬂy Y
tan @ properties.....
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DISCRETE BOUND STATES of a SPHERICAL

square well attractive potential

A
UNTr=a /¢=0
> I o
g 5 continuityat r=a =
B _7/ 2 2
_132 - discrete tan(a«/ﬂz_ﬁ):_\/ﬂy Y
5 bound state
U(r) =2V (1)
h c-aJF -7 & n-ay
4 Bound state discrete energy Ievels\

tané =—

2 2 A2 2 .2 22: 2 2: 2
(&t =ad(p -yt ) ety =a’pt =0

are given by the intersection of the
curves described by these two
equations.

PCD STIiTACS Unit 1 Quantum Theory of Collisions
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bound s|tates

- B . /7Z’ 3 /27z 57 /37[ iz
2 2 2 2/ 2 ; 0=ap
) . .' ..

% [
r<a : /2
_ Aci 2 2 |' 4_>I I| d|| .Crete
Y, (r) B ASIn (r\/ﬁ||:7/) ||I |||diSCretj II| b:jund .
r>0 d ‘ - éjbound fates . | .
y (=B el S<ap<T ang =%

2 2 7
=aJp -y & n=ay
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- X

goua’®” —a Q a
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Vs

1V (x) [_hz R

+V(X)}V/(X) Ew (x)
2m dx?

n? d?
. X [%FW }W(X) } EW(X?’}.‘)

_aoa

n* d
TR e r=evf €0

VO O VO [%%4_\/ j|W(X) = EW(X)}

1 1
!
\'\__./'

N
=H 3
=

w(X)}, i%e P 4 De”* = De”

w(X)}, = Asinax+ Bcosax B 2"'“(\;loz—E)
w (X)), =Ce+Ge™ =Ce™™  v,>E (bound states)
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y 1V (x) w(x)}, = De”
— 0 w(X)}, = Asinax+Bcosax
w(X)f,, =Ce”
» X
—ao4 @x=a:
| I 1 Asin aa+ Bcosaa=Ce™*

Vo 0V, Ac cosaa —Basinaa =—p3Ce™*

2mE @x=-a
o=+ 2 _ _pa
—Asinaa+ Bcosaa = De
2m(V, —E) - - pBa
p=+ 2 Ac cosaa+ Basinaa = De

V, > E (bound states)
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1V (x) @x=a: Asinaa+Bcosaa=Ce ™"
K Ac cosaa —Basinaa =—p3Ce™*

@x=-a: —Asinca+Bcosaa=De "

—aa > X Ao cosaa+ Basin aa:ﬂDe—ﬂa
| 1 1
2Asinaa=(C—-D)e "
V, 0 V,
2Accosaa=B(D-C)e "
“=T zfr;E ZBCOSC}fa:(C+D)e_ﬂa
ﬁ:+\/2m(\;02_E) 2Ba sin aa:ﬂ(c+ D)e—ﬁa

V, > E (bound states)
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tV (X) 2Asinga=(C—-D)e "
V
— 4 — 2Accosaa=B(D-C)e "
2Bcosaa=(C+D)e "
» X ] _pa
—aQa 2Basinaa=pB(C+D)e
o=+ 2/;an "A=02and C =D whence )
:+\/2m(vo—E) 2B cosaa = 2Ce [:> ]
h? . _ 33 atanoa =
V, > E (bound states) @aBSII’] aa =2C fe ’ IB/

1 1)
B=03and C =-D whence — T tanga = ——

2Asinga=2Ce ™" _ fl ]
ie.|acotaa=-
\2aAcosaa =-2C Be *° acotaa=-p)
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+V (X) atanaa=p acCotaa=—-p
V, A=03ndC=D||B=0and C=-D
I {itanaa:—i}x[atanaazﬂ] L
» X o p
—aQa — tan’qa=-1
oo+ |2ME a > imaginary — E < 0: contradiction
n? . A
:+\/2m(vo—E) either or
hZ
V, > E (bound states) 2mV
atanca = < put: £ =caa E? +1n% =a? hZO
A=OandC=D | & 7=F2 _2mV,a’
both £ &7y 2

> ctang =7
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Schiff/QM/page 41/Fig.8

L& tan

I
c =1

- radius of the circle
5 el 5 = is determined by the

s 37T =~ “strength” V,a®

0<¢&<—
: 5 5

— < é: - AR
2 2 % || [l
— - / } tan 9/ }
]
ey

& +n’ = (Zizjvoazl

\/_ 3.4641..

4 g_
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Schiff/QM/page 41/Fig.8

g_

| |
clang =7 7z<§<37r l } I
p<s<t P I e %/ |
L J 1 } ——
2 Intersections of Stané H tan 9, |
— and circles of radius zh—rlnvoa2 - \ 3L
give the bound state energies S
e ‘_ | i T U VPt
Voa2 — % ‘ 5 77 — h2 0 I
_EK h* circles A
V, a‘=4— | |
2m hZ
— | V.a®=12—
2m
Y \/_ 3.4641..
| _Z 2 3 =gz 4
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Schiff/QM/page 42/Fig.9

| T O A
3 %’a’@ﬂ;ﬁ acotaa=-4 T
|

\j B=0andC=-D___
2 A2 |—gCotg =7

n=—§&cot &-

VT 1]
117

0 | 2 3 4 :
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B e —— — t— —— — —

I h?
V,a® = —
2m

0 NO SO|l_J'[i0n




_aoa
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DISCRETE BOUND STATES of a SPHERICAL
square well attractive potential

A
c ) gl continuityat r=a =
:_7/ / 2 2
—,32 . discrete tan(a«/ﬂz—yz):— ﬂ}/_)/
om bound state
lJU)=%7V07
| E=af -7 & n=ay
4 < Bound state discrete energy Ievels\
tané =—= are given by the intersection of the
Ji curves described by these two

equations.
\52_'_772 zaz(ﬂz—y2)+a27/2 :azﬁz :anz p

PCD STIiTACS Unit 1 Quantum Theory of Collisions

224



tanfz—é
n-_
¢
7 tané f—
Each circle

represents a
particular potential

of a given strength.

The number of
times it crosses the
curve &
gives tan g
the number
of bound states the
potential
holds.

] 2 2
| T 1 2
5 Il 6 1 I— an |
7 A Calculations and graphs
|

. N by Sayantan Auddy
‘\ T g and Pranav Manangath
. [ ~2 ? 3z | S
"3 1S7<ap<art [N 22 g
\é n=1 _. | IlI
o |\ \ | 471<af<7.85
I."I .-"-.IIIII ..II",I I,.I n | — 2
_.,-"- '.I '.I Iu'll 'I |
A R M I S ! >
/ L2 s g
2 =157
2

225
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| —>
S TPz s T 3 éz 57 / 3” L

2 2 2 /3% /e 2 2 4 0=ap
r<a s A, —
v, =Asin(ryF—72) || | | discrete

i ( ¥ ) § i |d|screti bound states
r>0 ! ‘ 4! bound Itates

4 37 tan & = —

y.(r)=B e 7T E<aﬂ<7
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We considered the bound states of a SPHERICAL
. (=0 well attractive potential

»I Now, we consider
U(r)=-pforr<a scattering ; continuum

2 —0forr>a states 2k
—f E = >0
Yam =R, (r) 2m

n® d? 72 11 +1
U(r)=i—TV(r) {_EWJ“{V(”JFM (; )}—E}yg.(rho

d? 2m
(=0 {W+{—U(r)}+? E}yg,(r)zo
2rr12E:k2
h
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{d—zﬁ{—u ()} + kz} Y. (r)=0

dr



U(r)t r=a (=0 ZmZE:k2>O
> I
U(r)=-—p*forr<a Yary = R, (r)
Y =0 forr>a 42
p . {FJF {-U(n)}+ kz} y,(r)=0

U(r)=—7V(r)

2

%+ﬁ2+k2}ygl(r)=0 r<a ygl(r)ZCSi”(r\/ﬂzJ“kz)

[ 42
%+k2}yg,(r):0 r>a y,(r)=Dsin(kr+d(k))

C(_)ntinuity at r=a =
Csin(ay/A? +k*) = Dsin(ka+ 5, (k))

Cy B2 +K? cos(a«/ﬂ2 +k* | = Dk cos(ka + &, (k))
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Csin(ay/p* +k?) = Dsin(ka+ 5, (k))
Cy B2 +K? cos(a«/ﬁ2 +k° ) = Dk cos(ka + &, (k))

a7 4K) = nlla +00)

y tan(ka) + tan (&, (k))
1—-tan(ka)tan(d,(k))

1

_1
k

,Bz+k2

tan(a B +k? )— \/kitan(a«/ﬁ2 +k? )tan(ka)tan(éo(k)) =

IBZ‘I'kZ

= tan(ka) + tan (5, (k))

—tan(50(k)){1+

IBZ"‘kZ

tan (a«/ﬁz +k? )tan (ka)} = tan(ka) — tan (a«/,B2 +k° )

182_'_'(2
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tan(ka) —

—tan (a«/ﬁ +k* )
—tan(s,(k)) = N/

Wtan(a )tan(ka)
[ tan(&o(k))— ktan(a«/lgzdrk?)_ /,32+k2 tan(ka) }

) VB K +k tan(ao\/,B2 +k? )tan(ka)

tan (&, (k) _ tan (a5 +K7 ) - ﬂk+k tan(ka)
K VB K Jrktan(a«/ﬂ2 +k? )tan(ka)

i tand, (k) /_a:atan(aﬁ)—ﬂa\
YT Tk pa
scattering length Y tan(ap)

N p )
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Reference: ‘Quantum Theory of Scattering’
by Ta-You Wu and Takashi Ohmura

n =number of
bound states

e lim 12N% (k)
k—0

1 im kcot s, (k)

o k—0

- tan(ap)

a=a

PCD STIiTACS Unit 1
Quantum Theory of
Collisions

> I (Prentice Hall, 1962) page 73
n pa kcoto =x a o
0 OS,Ba<% 0>x>0 |0>a>—w | =0
* 7 0 —00 —» +00 z
2 2
1 %<,Ba<7r 0>X>-0 | o>a>0 | =x
3
1 7z<,8a<7 o>x>0 |0>a>-w | =x
1+* 3z 0 —00 —> 400 37
2 2
3
2 | —<pfa<2r O0>Xx>-0 | 0o>a>0 |=2x
2
o
2 27z<,8a<? 0o>X>0 |[0>a>-x |=27
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Reference: ‘Quantum Theory of Scattering’
by Ta-You Wu and Takashi Ohmura

n =number of
bound states

o _lim tan &, (k)
k—0

1 im kcot s, (k)

o k—0

tan(ap)

a=a

PCD STIiTACS Unit 1
Quantum Theory of
Collisions

> I (Prentice Hall, 1962) page 73
n pa Levinson’s Theorem o
0| ospa<s | §(k—>0)=0xrx |=0
* T | 1 T
5 50(k—>0)=(0+§j7z 5
1| Z<pa<x 5o(k_>0):77 =7
; | |
1 7z<,6’a<77[ <5O(k_)0):7z- =TT
1+* 3z 50(k—>o)=(1+1j 2| 3
2 2 2
2 | L <pa<2r (5,(k >0)=27 =2~
: .
2 27z<ﬁa<7” 50((—)0):27[:27z
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LEVINSON’'s THEOREM Kgl. Danske Videnskab.

Salskab. Mat. Fys.
zero of 8 (k): & (k—>00)=0 Medd.259(1949)

....... For :

0, (k >0)= n, 7 /N “half-bound” state

or &, (k —>O):(n0+%j 7 if thereis a (resonant)

“zero energy resonance” bound state solution

blows 1 3t zero energy.
‘ T
ot (K = 0) B when 4a = U a= >
T
k055 | 5 (k—>0)=n 7 ... for
@b /f};%\ (ny+1/2)m when /=0 ]
Y4 SA0)=8 ()= and a half bound state occurs QU ESTION.S ? .\.erte ts):
n7w  the remaining cases. pCd @ phy5|cs.||tm.ac.|n
PCD STIiTACS Unit 1 Quantum Theory of Collisions
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Select/Special Topics in
‘Theory of Atomic Collisions and Spectroscopy’

P. C. Deshmukh

Department of Physics
Indian Institute of Technology Madras
Chennai 600036

Lecture Number 712
Unit 1: Quantum Theory of Collisions

—

Mo Scattering Low energy

. : length | scattering
o# Levinson's Effective Ultra-Cold
theorem

1949 range atoms

PCD STIiTACS Unit 1 Quantum Theory of Collisions
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LEVINSON’'s THEOREM Kgl. Danske Videnskab.

Salskab. Mat. Fys.
zero of 8 (k): & (k—>00)=0 Medd.259(1949)

....... For:

O (k >0)= Ny 7 /N “half-bound” state

or &, (k —>O):(no+%j  if thereis 3 (resonant)

“zero energy resonance” bound state solution

blows _ at zero energy.
G (k —0) 0 k_12 when J,a = \/an:%
T
k=07 | §(K—=>0)=n 7 ... for
(ny+1/2)m when #£=0
SA0)=8 =)= and a half bound state occurs

n7w  the remaining cases.
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Reference: ‘Quantum Theory of Scattering’

n =number of

bound states

o _lim tan &, (k)
k—0

1 im kcot s, (k)

o k—0

tan(ap)

a=a

by Ta-You Wu and Takashi Ohmura

PCD STIiTACS Unit 1
Quantum Theory of
Collisions

> I (Prentice Hall, 1962) page 73
n pa Levinson’s Theorem o
7T
0| 0<pa<= <50(k_>0):0><7; ~0
R T A i
> 50(k—>0)=(0+2 5
1 —<,Ba<72' (%O):ﬂ =T
1 7r<,8a<377z (—)0)272' =7
1+* 3z 50(k—>0)=(1+1j T 3z
2 2 2
2 | —< pPa<2rx =27
2 | 27 <pa< 5O(k 50)=2rxl=2~
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n =number of
bound states

e lim 12N% (k)
k—0

1 im kcot s, (k)

o k—0

Reference: ‘Quantum Theory of Scattering’
by Ta-You Wu and Takashi Ohmura
(Prentice Hall, 1962) page 73

coto =X a %)

o =a-28)
p

PCD STIiTACS Unit 1
Quantum Theory of
Collisions
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Positive a
Indicates a
repulsive
potential.

Negative a
Indicates
an
attractive
potential.

PCD STIiTACS Unit 1
Quantum Theory of
Collisions

> I
n pa
0| o<pa<Z
* 4
2
1 —< pa<r
1 7r<,8a<3—7z
2
1+* 3—7Z
2
2 | —< pPa<?2rx
2 | 2Zr<Pa<—

A new
bound a %)
state 9ets pagative | = o
formed
when 0 1ol Z
the sign 2
ofthe . positive |~
scattering |
length is negative | -
about to
37

Change —o0 t0 + 0 7
from —
negative POSIIVE -2z
to |

negative |= 2

positive.
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> I
5,(k >0)=n,7

[ n, =number of

How the
s-wave
phase shift
changes
with the
strength

of the

potential % <1571

 bound states 27

N A~ OO O

PCD STIiTACS Unit 1
Quantum Theory of

Collisions 239



U(r)t r=a a:a_tan(a,b’)
> | p
U(r)=—p°forr<a =
—,32 | =0forr>a a:a_atan(aﬂ)
ap
when tan(a/5) >1, o IS negative a:a(1_ta”(aﬂ)j
(ap) Y.

when does o get to be MOST negative?| 1an |

when (aﬁ)g%e 1" bound state ; T |
*} |

when (aﬁ)é%z — 2™ bound state

when (aﬁ)g%—ﬂrd bound state | 2t‘;,;gg =
B Ve |
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U (r) 4 r—a Scattering length - o tan(a,b’)
> | p
U(r)=—p°forr<a =
,32 =0forr>a . atan(apg)
_ — v
when tan(a/5) >1, o IS negative o—a 1_tan(a/3)j
(ap) Y.

when does « get to be MOST negative?

when (aﬂ)g%e 1¥ bound state

when does « go to zero?

%<(aﬂ)@—>a>0
ot (o) o5 s 210 >

when ﬂ+8<(aﬂ)<3§Ha<O

B (ap)
Kav
e |s posmve
tage 5
| ~Ve |
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%<(aﬂ)<7r+g|—>a>0

Fig.3.6/p118/Burke &
Joachain/ Theory of

at (af)=rx+&:a changessign > +1to — f
Il Electron-Atom Collisions

[When 7r+g<(a,6)<3—7[Ha<0] I I '
2 04 T lI | +ve |
e +ve
Repulsive potentialj 7~ S\ %
2 2 Potential

-ve Strength

scattering length a
for an attractive

Attractive potential
potential with a ' ' '

I [P T
finite range ‘a ? change of sign
aza(l—tan;;ﬂ )J of scattering length «
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> I
U(r)=-p°forr<a a

=0 forr>a

- st pound spte!

when tan(a,B ) >

1] IS negative

. (aB)
3z

when 7 +e<(af)<—,

N :a(l— tan(aﬂ)j 2
a3 o 1S negative

— (effective) attractive potential..

but not strong enough to bind
the next bound state

PCD STIiTACS Unit 1 Quantum Theory of Collisions
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IBZ >O a:a_tan(aﬁ)

: P
— 3> < 0: repulsive =
U (r) = a atan(ap)
. a=a- Y
U(r)=-p°forr<a s 1_tan(a,8)
_,32 =0forr>a af

— 3% <0:attractive

when « is positive a®)
— (effective) repulsive potential.
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U_o(K,r > 0)=A_,(k)sIn (kr + 0, (k)) [u&' (r)= R, (I‘)}

asymptote r — oo

Low ener R _ :
Iirg?; ul‘i0 "(k,r > ) = |klgg Azo(k)\sm(kr+5o(k)) |
kcot(s,(k)) = — tan (&, (k)) o0 —ak

k>0 o
\

r |
u °(k,r - ) =lim A(kr —ka) = lim Ak (r —x)
1=0 \

k—0 | k=0

- \ }

d2

FJFKZ—U(”}UE,W(V):O Linear '
¥ ; relation.

5 ; |
{—Z—U(r) uloo(r)(ﬂ—{—2 u’ (r)=0 o = intercept
{dr \—dr @ ( A

u’ (=mr+C ... r> 3
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u’ (r)=mr+C =limAk(r-a) asymptotic

k—0

....... rsa behavior

/'
# |a>0: repulsive potential

atr=0: u’ (r)=-mke

Geometrical meaning of the scattering length a

Fig.11.11/page288/C.J.Joachain — ‘Quantum Theory of Collisions’
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a < 0 but bound
state not
possible

-—

intersection
of the
asymptote
with r-axis

U (k, r —o0) = lim A, (k)sin (kr +6,(k))
=lim A(kr —kea) = lim Ak (r — )

k—0 k—0

Scattering length a for various attractive potentials
Fig.11.12/page289/C.J.Joachain — ‘Quantum Theory of Collisions’
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a < 0 but bound u,,(r)=rrR,,(r)

i
State_ not asymptote|\r — o
possible S IR _
-~ A !
o r
_a: _ ulr)
Intersection
of the
asymptote 1st bound state: zero
with r-axis

energy resonance
. a—-> (most negative)

U (k, r —o0) = lim A, (k)sin (kr +6,(k))
=lim A(kr —kea) = lim Ak (r — )

k—0 k—0

Scattering length a for various attractive potentials
Fig.11.12/page289/C.J.Joachain — ‘Quantum Theory of Collisions’
PCD STIiTACS Unit 1 Quantum Theory of Collisions
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a < 0 but bound

state not
possible

-—

intersection
of the
asymptote
with r-axis

U (k, r —o0) = lim A, (k)sin (kr +6,(k))

U, (r)= ng,| (r)
i

Attractive potential

supporting 1 bound

asymptotel|r — o state
A ) S~
I uﬂl:r:l o I
Uir)
Uir)
1st bound state: zero
energy resonance (c)

a—-> (most negative)

=lim A(kr —ka) = lim Ak (r — )

k—0

k—0

PCD STIiTACS Unit 1 Quantum Theory of Collisions

more bo

Positive a indicates no

und state

“repulsive” potential.

Scattering length a for various attractive potentials
Fig.11.12/page289/C.J.Joachain — ‘Quantum Theory of Collisions’



The scattering length has in it vital
iInformation about the physical

properties of the potential,

but it does not include details about the

structure of the potential.

PCD STIiTACS Unit 1 Quantum 250
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‘SLOW’ collisions

A= mi: de Broglie wavelength — large
v

Detailed ‘structure’ of the scattering potential :
IMPORTANT?

Essential focus is then on symmetry (s wave scattering)
and a parameter 2>

- scattering length Q.

Negative
Positive

Charge distributions
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Ut r=a =0 EFFECTIVE RANGE
gl 2mE
U(r)ZZh—TV(") U(r)=-p°forr<a 7 =k?>0
=0f
_ﬂz o ug,l (r):ng,l(r) 0 e
PHYSICAL REVIEW VOLUME 76, NUMBER 1 JULY 1, 1949

Theory of the Effective Range in Nuclear Scattering

H. A. BETHE
Physics Department, Cornell University, Ithaca, New York*

Neutron-Proton scattering
- Spin dependent

Theory of ultracold atomic Fermi gases
REVIEWS OF MODERN PHYSICS, VOLUME 80, OCTOBER-DECEMBER 2008

Stefano Giorgini et al.
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Bose atoms: quantum statistics leads to BEC phase

2 Fermionic cold atoms:
* BCS pairing —"Cooper pair”
* Bosonic bound-state molecule - BEC
In single-component Fermi gas, s-wave scattering Is

Inhibited by Pauli exclusion principle.
Evaporative cooling requires collisions.

Q‘\\Q ®
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Sympathetic cooling:
Evaporate Bose atoms

and

cool Fermi atoms by enabling
collisions between Bose and
Fermi atoms.

scattering length

a>0 B repulsive interaction

a<0 — 3attractive interaction

Application: Bose Einstein Condensation of
Fermionic atoms
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Energy

S

|

Bound State lt

Interatomic distance

PCD STIiTACS Unit 1 Quantum Theory of Collisions
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scattering length o

energy Fr 88, un b
F'State Ofl‘h OU’?Q’
Mo, ;’ o
0
P‘$ a <0 s
€O
?\@6 “open channel’
Interatomic dista ;:e S:1
Ultracold, E.oms | BCS .
low energy a=0 B, magnetic field
s-wave
scattering
of
two
Fermionic
atoms
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Uit _aq (-0 ‘EFFECTIVE RANGE’
> I
=" VDA Torr<a =k 0
2 =0forr>a
p o
o (P =1R..(1) {dTH( U(r)}ug’,o(r):O

21,2
@E=E1=h2rg, the solution is u, (k,, r)
E—E, =" the solution is u (k u'+k’u, —U (r)u, =0
@E= = e solution is u, (k,, r) L T KU, =

u; +kou, —U(r)u, =0

u,u’+kuu, —U (r)uu, =0
u,ul +kou,u, —U (r)u,u, =0
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4 2mE
U(r) r:a hz :k2>0 ugl(r):ngl(r)
> I | |
U(r)=-p*forr<a wu'+k’uu, —U(r)uu, =0
2 =0forr>a "
P - u,u; +k2u,u, —U (r)u,u, =0

uuy —u,ug + (k2 —k2 )uu, =0

R R R
{(uzu{)s — | {dr}{(ulu;); —/LuMdr} +(k2 =k} ) [uu,dr=0
0 0

/\

u(r=0)=0
u,(r=0)=0
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U(r)=-p°forr<a

u . (r)=rR_(r
=0forr>a 8"() e,l()

u, (R)U/(R) = u, (R)US(R) = — ju u,dr

Introduce functions y, (k;,r) and w,(k,,r) as
REFERENCE funtions for comparison such that

U (ky, r =) =y (k1) | w.(k,r)and w,(k,,r) describe
Uy (Ky, I —>0) = w5, (Ky, ) | the asymptotic r — oo

_ o behavior of u (kl, r) and u,(k,,r).
Choice of normalization ~~ " \

wy (K, 1) =uy(k, T > 0) = Asin(kr—a(k)) =1= 1(k)) sin(k,r -, (k,))

v, (K,, 1) =Uy(K,,I —o0) = Azsin(kzr—éo(kz)):: sin(5l(k ))I sin(k,r =5, (k,))
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[u, (r)u; (r) —u, (r)us(r) ‘ = (k2 - J‘u u,dr Eq.1

E((:%);% [u (R)u(R)—u (R)uy(R) = j Uy dr} Eq.2
v, (D (0 —w (O (0], = (K3 —K?) [y dr £q.3
Eq.4

[v, (R (R) =, (R)w3 (R) ] = [, (0)w1 (0) —w, )5 (0)] = (K3 — k) fwlwzdr

il T=0)=1 o5

[[%(R)V/I(R)t//l(R)t//é(R)][wl’(O)l/fé(O)] =(k; kf)f%%dr} Eq.6

Subtract Eq.2 from 6
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(u (R)NR)\ Ul@)u (R)l IU u dr} Eq.2

[

=T

Wz(R).l/}KR)'—%(RMQ_(.R)]’—[W{(O)—‘//E(O)] = (k7 kf)]wlwzdr} Eq.6
! 0
Subtract Eq.2 from 6

w,(0) —y;(0) = (k22 - klz)_[(W1W2 —Uu, )dr

(k1) = sin(5t(k1)) Sin(klr—50(k1))
TATOE Sin(5j(k2)) Sin<k2r_50(k2))
™S ) = |k k—5k}:kt5k
O‘Ua“o(}{ ‘//1( 1 r)‘r:O _Sin(50(k1)) COS( il 0( 1)) y 1 CO ( 0( 1))
‘e)(ao oy _ i 1 . - _
\S vy (K, 1), i 5.0 sin(k,r 50(k2))_ ) k, cot(5, (k,))
p consider now
[kz cot(&, (k,))—k, cot (5, (k)= _([ yflwz—uluz)dr}"mR_)oo
261
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k, cot (&, (k,))—k, cot(&, ( T )| (w (r k), (r,Ky) —u, (r, K u, (r, k,) dr

x/‘/

define Jo %p(El, Ez) = T(l//l(rl kl)W2(r’ kz) —Ul(l’, kl)uz(r’ kz))dr

k, cot (8, (k, )=k, cot (5, (k;))+(kZ —k ) p(E,,E,)

limk — 0 scattering length (Fermi & Marshall)
tan o, (kK
a=-lim o (k) e, —2_lim kcot &, (k)
k—0 k o k—0
4 \  Caution! Our
K Cot(5O (k)) — —+ pO.E) k? O(k“) notation employs
o 2 a symbol for
1 r scattering length
E'O(O’ E) = I(Wo(r’ O)WE (r’ E) —uo(r, O)UE (r’ E))dl’ that Bethe has
\ ° _/ used forits
inverse!
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U(r)t r=3 kcot(8, (k) =- 1 p((;E)kz +0(k*)

o
> [

%p(o, E) = [ (wo(r.0)we (r, )~ (r,0)uc (r, E) )dr

_ ,52 _—
1 .
itk =l r =) = o W) sin(kr-dy(k))  y's and u's differ only in the
range of the scattering potential.

w,(Ky, 1) =U,(k,, r —>0) =

1 :
SYEACA] sin(k,r =3, (k,))
In small-r region, wave-

(wo(r, Q) (r, E) =y (r,0)uc(r, E)) #0 functions are (nearly)

ONLY in the small r region of the scattering INDEPENDENT of
potential. energy.
2
{—ﬁkz _U(r)}ug,lo(r) =0 small =
ar k? <|U(r)|
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. . small —r
In small-r region, wave-functions are

(nearly) INDEPENDENT of energy. k* < |U(r)]

(o (r,0)ywe (r, E) —Uy(r,0)uc (r, E)) =y (r, E = 0)* —uy(r, E =0)°
In the small r region
Short range atomic properties are (nearly)

INDEPENDENT of energy.
1 1 1 %
~P(O.E) =2 p(0,0)=—r1, =£[%(r, E =0)*—u,(r,E=0)?|dr

p(0,0) : effective range of the potential

— independent of energy

1 r Caution! Our notation
keot(8,(k)) = — =+ 2k*|+O(k*)  employs a symbol for
k=0 a 2 scattering length that

Bethe has used for its
inverse!
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_ by - =,k
k cot(&, (k)) 0 = k cot (s, (k)) oka 2
a (k) = [S, (k) —1] _ cos(28,)+isin(25,)-1 Partial
21k 21k wave
_ C0s(26, )+i2sin(d, )cos(d,)—-1 sin(d,) |amplitude
- 2ik K
> sin®g, tan® g,
= ‘ fk—>0 (‘9)‘ = k2 = kz
:>G:47z5in250 4y sin® &, 4y 1
k? k?(sin® &, +cos® 5, (k? +k?cot’ 5,)
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— 4
cot (s, (k)) —1+ bk and o= - 4l :
k>0ka 2 k? (1+cot® 5, )
A A
=0 = - — o= —
(k2+k2(_1+rokj J [k2+k2(_2+arok j j
kae 2 2k
A A
— 0=

4
=0 = 1
k?+a”-k°a™'r + = r’k*
Aol
=0 =

2
1+ kza(a—ro)Jr(%aro) k*

4k*a® +4—-4ark® +a’rk*

(kz +(4—4ar0k2 +a’rk* D B (
4o’

Kot
Aat®

Bethe's « is inverse of
the scattering length

Wu & Ohmura
Quantum Theory of Scattering
Page 75
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5,(k —>0)=n,x

' n, =nhumber of

3

| bound states 27

N b~ O 0

>~1571 5, (k>0)=n, 7

or &,(k —>O):(no+%j

k cot (5, (k)) o ot 2k? +0(kY | >1:
>0 «
5(k—0)=n 7
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