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Detector 
Incident beam of 

Monoenergetic 

particles 

Target 

A + B  A + B       (elastic scattering) 
A + B  A* + B       (inelastic scattering) 

A + B  A* + B*       * denotes new internal state 

A + B  C + D  reactive scattering - rearrangement when 

colliding particles are composite objects. 

“channel” : possible mode of fragmentation pathway 
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Detector 

Target 

B A 

  1 2

number of particles A x-ing per unit time per unit a  

     normal to incident beam             

rea

T L 

S 

Incident beam of 

Monoenergetic 

particles 

: AN Number of particles A reaching the target  

per unit time 

not  too intense, nor too weak. 

S = ‘effective’  

cross-section area of the incident beam 

: number of target particles B that intercept the incident beamBn

 Flux of A w.r.t. target BA 



Number of particles A reaching the target per unit time 
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Detector 

A 

: P Probability that an incident particle interacts with the 

target and thereby gets removed from the incident 

flux by scattering 

: IntN Number of particles A which interact with the target 

per unit time.  1

A IntP N N T   

  1, perhaps 1,  for thin targettotP 

Incident beam of 

Monoenergetic 

particles 

fraction of  AN

: AN



 2L

What should be the dimensions of the 

proportionality? 

A
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 , A
A

N
incident flux

S
 

  1 2T L 
1 Int AN P N T   

Int tot A BN n 
A

tot

BA

P N

n







“tendency” of particles 

A & B to interact effective target area that interacts with 

the incident beam and scatters it 

   IntN 
How is    related to the target particles B?IntN

Bn
    Int A BN n 

Scattering cross section 

: number of target particles B that intercept the incident beamBn
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Scattering cross section 

“tendency” of particles 

A & B to interact 

effective target area that 

interacts with the incident 

beam and scatters it 
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Orthogonality 

of the 

Legendre 

polynomials 
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1st     2nd function 

Integral of a product 

of two functions 
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http://nptel.iitm.ac.in/courses/115106057/9 
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PCD STiAP Unit 6 Probing the Atom 
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Please refer to details from :  

PCD STiAP Unit 6 Probing the Atom 
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 partial wave to the scattering amplitude. 

PCD STfTACS Unit 1 Quantum Theory of Collisions 

Reference: Quantum Theory of Collisions by Charles J Joachain 

North-Holland Publishing Co. // Section 3.2 // see Eq.3.27, page 49 
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collision photoionization 

 :  operator for 

TIME REVERSAL SYMMETRY



Please refer to details from :  

PCD STiAP Unit 6 Probing the Atom 

Lecture link: http://nptel.iitm.ac.in/courses/115106057/27 & /28 & /29 & /30 
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Faxen-Holtzmark’s formalism 

PCD STfTACS Unit 1 Quantum Theory of Collisions 

Reference: Quantum Theory of Collisions by Charles J Joachain 

North-Holland Publishing Co. // Section 3.2 // see Eq.3.27, page 49 

QUESTIONS ? 
Write to: 
pcd@physics.iitm.ac.in 
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PHOTOIONIZATION & electron-ion scattering have 

same final state, but different initial states. 
Please refer to details from :  

PCD STiAP Unit 6 Probing the Atom 

Lecture link: http://nptel.iitm.ac.in/courses/115106057/27 & /28 & /29 & /30 

U.Fano & A.R.P.Rau:  
Theory of Atomic Collisions & Spectra 
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C.J.Joachain: Quantum Theory of Collisions Eq.3.34, p 51 
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Interference term is of importance only when  cos 1 
0 

Radial component  

of the probability current density vector 
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 ‘forward’ 

scattering 
C.J.Joachain: Quantum Theory of Collisions Eq.3.41, p 52 

(1)

denominator:

numerator

 r





Interference term is of importance only when  0 
considering  the  spread  in  magnitude  of  

the  wave vector  from  to    0 k k k only   

is important with regard to 

‘INTERFERENCE TERM’ 
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C.J.Joachain: Quantum Theory of Collisions Eq.3.39, p 51 

does not matter for subsequent analysis : ( ) NOTE A k

 

0 

small

 



PCD STiTACS Unit 1 Quantum Theory of Collisions 43 

   0 1 cos 1 cos*
2

0

0

ˆ ˆ( ) ( )
2  sin Re  cos  

total

ikr ikr
f e f e

d r
r r

   



   



   





 

    
  

    


0

0

0

*

0

cos

cos

(0)  sin

0 2 Re  

 (0)  sin

ikr ikr

total
ikr ikr

f r e d e

f r e d e

 



 







 



 



 



 





 

 
 

 
   

 
 
 





1

cos

1

*

cos

(0)  

0 2 Re  

 (0)  

ikr ikr

total
ikr ikr

f r e d e

f r e d e





 





 











 



 





 
 

 
   

 
 
 





cos

sin d d

 

  



 



PCD STiTACS Unit 1 Quantum Theory of Collisions 44 

1 1

*

cos cos

0 2 Re  (0)   (0)  
ikr ikrikr ikr

total
f r e d e f r e d e

 

   

   
 

   

   
   

  
 

1 1

*

cos cos

0 2 Re  (0)   (0)  
ikr ikr

ikr ikr
total

e e
f r e f r e

ikr ikr

 
 

   


 

   




     
      

        

*

cos

cos

(0)  

0 2 Re  

 (0)  

ikr ikr
ikr

total ikr ikr
ikr

e e
f r e

ikr

e e
f r e

ikr










 



  
  

     
   

  
  
    

 

 
*

1 cos

1 cos

1
(0) 

0 2 Re  

1
 (0) 

ikr

total ikr

e
f

ik ik

e
f

ik ik






 

 

  
   

      
   

  
  
    



PCD STiTACS Unit 1 Quantum Theory of Collisions 45 

*

(0) 

0 2 Re  

 ) 

 

 (0
total

i
f

k

i
f

oscillatory terms

oscillatory terms
k



  
  

   
   

  
    





 
     

 

1 cos 1 cos
1 cos'

'
1 cos

k k k k k

k

i r i r
ik r e e

e dk
ir

 




     
 

 
 


  

 

 
*

1 cos

1 cos

1
(0) 

0 2 Re  

1
 (0) 

ikr

total ikr

e
f

ik ik

e
f

ik ik






 

 

  
   

      
   

  
  
    

0 r  as 

 0   however small 



  
4

0 Re  Re (0)
total

i f
k

  

PCD STiTACS Unit 1 Quantum Theory of Collisions 46 

*0 2 Re  (0)  (0) 
total

i i
f f

k k
      

      
    

0 2 Re  2Re (0) 
total

i
f

k


   
     

   

 
4

0 Im (0)
total

f
k

  

 
4

Im (0)
total

f
k

 

 

 
    (  number)

(0)

(0)

Re (0)

Im (0)

real

f a ib

i f ia b

i f b

f

 

  

  

 

OPTICAL THEOREM 
Bohr-Peierls-Placzek relation 

The total scattering 

x-sec is equal to 

4π/k times the 

imaginary part of the 

forward (complex) 

scattering amplitude 



independent  

of  
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  OPTICAL THEOREM 
Bohr-Peierls-Placzek relation 

 ( ) ( )    ; ( ) j r
t

dV j r j r dS


  


  
 

ORIGINS: 

d

( )A k

C.J.Joachain: Quantum Theory of Collisions 

Fig. 3.3, p 53 

“Shadow” of the target in the 

forward direction results from 

scattering of the incident beam 

by the target potential.  



scattering x-sec                                             This definition 

per unit solid angle                                   is independent of 

differential x-sec                                              the normalization 
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Outgoing wave 

boundary 

condition 
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( )li k
e

l
c 



describes 'collisions'

We have employed this 

boundary condition, inclusive of 

an l-dependent normalization. 

( ) :A k  energy dependent normalization of the incident wave 

          that scales the scattered part as well.

OPTICAL THEOREM: independent of  
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
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We employed 

mono-energetic incident beam 

 idealization 
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Eq.3.57 / p55 / Joachain’s Quantum Collision Theory 

Eq.3.59 / p55 / Joachain’s Quantum Collision Theory 

Eq.3.60 / p55 / Joachain’s Quantum Collision Theory 

Realistic incident wave packet 
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Can we neglect higher order terms? 
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 wave packet centered around the point  at time 
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Higher 

order 

terms 

ignored 

Under what 

conditions 

can we 

ignore 

higher order 

terms? 

Can we neglect higher order terms? 
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half the group velocity 

condition to ignore higher order terms: 
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In most experiments: 

Hence we can indeed ignore higher order terms. 
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l :  
Longitudinal width 

d: transverse width of 

the wave packet 

d 

d D

D

↕b 

↔

a 
C.J.Joachain: Quantum Theory of Collisions Fig. 3.4, p 56 

Scattering region 

Detector 

Collimator 

l :  
Longitudinal width 

↔

a 

PCD STiTACS Unit 1 Quantum Theory of Collisions 

 r a
C.J.Joachain: Quantum Theory of Collisions Fig. 3.5, p 58 

b: impact 

parameter 

All particles described by 

same b as detailed shape 

of the wave 

packet does not 

matter 
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l :  
Longitudinal width 

↔

a 
C.J.Joachain: Quantum Theory of Collisions Fig. 3.5, p 58 

 r a

Detailed shape 

of the wave 

packet does not 

matter 
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C.J.Joachain: Quantum Theory of Collisions Eq. 3.86, p 58 
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Eq.3.88 / p.58 / Joachain’s QCT 
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Free particle wave packet interacting with the 

scatterer at  
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:  b impact parameter

wave packet for the complete scattering problem 

Free particle case  
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l :  
Longitudinal width 

d: transverse width of 

the wave packet 

d 

d D ↕b 

↔

a 
C.J.Joachain: Quantum Theory of Collisions Fig. 3.4, p 56 

Scattering region 

Detector 

Collimator 

l :  
Longitudinal width 

↔

a 
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 r a

C.J.Joachain: Quantum Theory of Collisions Fig. 3.5, p 58 

b: impact 

parameter 

 r D
      Hence the            

      packet does 

not overlap the 

target when it is 

far from the 

target 

D
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wave packet for the complete scattering problem 
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is appropriate expression 

even to describe scattering of 

the wave packet. 

In the next class, we complete the proof that: 
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Free particle wave packet interacting with the 

scatterer at  
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:  b impact parameter

wave packet for the complete scattering problem 

Since the packet does not overlap the target 

when it is far from the target, we may use the 

asymptotic form: 
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Whole space integral 

← Appropriate expression 

even to describe scattering of 

the wave packet. 

C.J.Joachain: Quantum Theory of Collisions Eq. 3.107, p 61 

Probability of scattering along the direction   ̂

1



PCD STiTACS Unit 1 Quantum Theory of Collisions 93 

2
ˆ( , )i

d
f k

d


 



is an appropriate 

expression even to 

describe scattering of 

the wave packet, 

Having established that 

we now proceed to study some 

important and consequential aspects 

of  

PARTIAL  WAVE  ANAYLSIS 
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Please refer to details from :  

PCD STiAP Unit 6 Probing the Atom 

Lecture link: http://nptel.iitm.ac.in/courses/115106057/27 & /28 & /29 & /30 
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Linear combination of Spherical Bessel & Neumann 

We can also write the same as  

 

Linear combination of spherical ingoing waves  
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                                    spherical outgoing waves 
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Linear combination 

of spherical ingoing 

& spherical outgoing 

waves 

QUESTIONS ?  Write to:  pcd@physics.iitm.ac.in 
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Lecture Number 07      

Unit 1: Quantum Theory of Collisions 

P. C. Deshmukh  
 

Department of Physics 

Indian Institute of Technology Madras 

Chennai 600036 

OPTICAL THEOREM –  

-Unitarity of the Scattering 

Operator 

How many partial waves? 
Is there an lmax? 

Primary Reference:   ‘Quantum Mechanics 

 –  Nonrelativistic theory’  

– by Landau & Lifshitz 
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 of r 0 solution:nature
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What would be the angular momentum of a classical 

particle at impact parameter     ? b l p b p   

max  for ~ :" " bl ap a a ra gek n
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Please refer to details from :  

PCD STiAP Unit 1, Lecture 5 

Lecture link http://nptel.iitm.ac.in/courses/115106057/6 

partial waves: 

:" " of the potential

l ak

a range



Often, just ‘few’ partial 
waves suffice in the 
partial wave expansion 

Special further considerations: (1) Resonances etc.  

(2) V(r) falls off extremely slowly in the asymptotic region. 

(3) Electron correlations. 
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Ref.: Landau & Lifshitz, NR-QM §125, page 508 
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 
 
 

dropping the factor 

       ˆ ˆ ˆ ˆ ˆ( ) ' ' , '
2

k
r F n F n f n n F n d

r r i

ikr ikr

r
e e



 
     

 




    

ingoing                outgoing 

Spherical wave    spherical wave 
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f

definition of the 

operator 
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r
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      


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ˆ ˆ ˆ ˆ' , '
4
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

  

     ˆ ˆ ˆ ˆ, ' 4 'f n n F n d f F n   
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1 2S ki f       Scattering Operator (definition) 

Heisenberg (1943) 

     
1

ˆ ˆ ˆ ˆ' , '
4

f F n f n n F n d


  

Ref.: Landau & Lifshitz, NR-QM §125,  

Eq.125.3, page 509 
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   



    

1 2S ki f       

Scattering Operator (definition) 

† †1

:

S S SS

S unitary

     

      
Ref.: Landau & Lifshitz, NR-QM §125, page 508 

   ˆ ˆ' 'F n F n

r r

 
 measure of intensity of ingoing wave

   †
ˆ ˆ' 'F n F n

S S
r r

   measure of the intensity 

                                               of the outgoing wave

Conservation of ingoing 

and outgoing flux 

‘ingoing’           ‘outgoing’ 

 

   

ˆ '

1
ˆ ˆ ˆ, '

4

f F n

f n n F n d




 

 

? 
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   ˆ ˆ( ) ' 'r F n S F n
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ikr ikr

r
e e

   



    

1 2S ki f       Scattering Operator (definition) 

     
1

ˆ ˆ ˆ ˆ' . '
4

f F n f n n F n d


  † †1 2S ki f       

† †1 2 1 2SS ki f ki f              

 † † †1 2SS f f ki f f                     

 † † 2 †1 2 4SS ki f f k f f          

† † 2 †1 2 2 4SS ki f ki f k f f          

Ref.: Landau & Lifshitz, NR-QM §125, page 508 

† 1S S  
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 † †2f f ki f f      

     
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ˆ ˆ ˆ ˆ' , '
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f F n f n n F n d


  

     † †ˆ ˆ' 2 'f f F n ki f f F n       

     † *1
ˆ ˆ ˆ ˆ' ', " " "

4
f F n f n n F n d


  

       

   

*

*

1 1
ˆ ˆ ˆ ˆ ˆ ˆ, ' ', " " "

4 4

1
ˆ ˆ ˆ2 ', " " "

4

f n n F n d f n n F n d

ki f f n n F n d

 



 
   

 

 
  

 

 



 

               

     † †ˆ ˆ ˆ' ' 2 'f F n f F n ki f f F n            

Integration is over  

 unprimed variables 

Integration is over 

double-primed      

variables 

2nd index 

1st index 
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*
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  

  
 
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                                   

       

   

*

*

ˆ ˆ ˆ ˆ ˆ ˆ, ' ',
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f n n F n d f n n F n d

fki f n n dF n

  

  
 

 

                                    
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    
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fki f n n dF n

  

  
 

 

                                    



optical

theorem
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    

QUESTIONS ?  Write to:  pcd@physics.iitm.ac.in 
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Phase-shift analysis 
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1 2S ki f       

Scattering Operator (definition) 

     
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ˆ ˆ ˆ ˆ' . '
4

f F n f n n F n d


  
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time reversed function: 
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 
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 space part of the time-reversed function:

  

Original 

function 
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space part of the time-reversed function:
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     
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   

 

* *ˆ ˆ' '

ˆ '

F n PF n

PS n
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* ˆ ˆ' '

ˆ '

F n PS P n

PSP n

     

  
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†
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space part of the time-reversed function:

 



   ˆ ˆ' 'n PSP n
r r

ikr ikre e          

 
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space part of the time-reversed function:
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 original function:       

PSP S 

   ˆ ˆ'  or '   .. matter of  ..    .F n n notonly ation
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n̂

ˆ 'n
n̂

ˆ 'n

Interchanging        & ˆ 'nn̂

n̂
Reversing the signs of 

                            &          ˆ 'nn̂

ˆ 'n
ˆ ˆ ˆ ˆ( , ') ( ', )S n n S n n  
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interchange incidence & scattered directions 

ˆ ˆ ˆ ˆ& reverse signs             ( , ') ( ', )S n n S n n  

ˆ ˆ ˆ ˆscattering amplitudes:    ( , ') ( ', )f n n f n n  

RECIPROCITY THEOREM 

The scattering amplitudes for two scattering 

processes which are time-reversed 

processes of each other are the same. 
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ˆ 'n

n̂

ˆ 'n

Interchanging        & ˆ 'nn̂

n̂
Reversing the signs of 

                            &          ˆ 'nn̂

ˆ 'n

ˆ ˆ ˆ ˆ( , ') ( ', )S n n S n n  

Time-reversal 
interchanges the initial 

and final states, and 
reverses the direction 

of motion of particles in 
those states. 
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PHOTIOIONIZATION 
SCATTERING 

FINAL 

STATE: 

SAME  

hν =ħω 
e- 

A+ 

(A+ )+ e- 
* 

A 
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   2

2

4
( ) 2 1 sin ( )l lk l k

k


  

0

( )Total l

l

k 






Partial wave analysis 

max ~l ka

Low energy (~1eV) 

scattering of electrons 

by rare gas atoms 

 – Xe, Kr, Ar 

0( )l k n  

Electrons just go 

through the target! 

- no scattering! 

Demonstration of Ramsauer Townsend Effect 

in Xenon by Kukolich – Am. J. Phys. 1968 Vol.30, No.8 

Ramsauer-

Townsend 

effect 

Consider s-wave 

scattering 
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Phase shifts play a central role in quantum 

collision physics. 
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



Phase shifts are caused by the scattering potential, 

so to study them we consider 

 two different scattering potentials. 
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For two potentials 
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Eq.A 

 
 

 

Eq.B 

Eq.A - Eq.B  " " 0 l l l l l ly y y y U U y y   

Wronskain of the two solutions  

(definition):  
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Evaluation in the asymptotic region 
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Bound states of the SPHERICAL well attractive 

potential 
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DISCRETE BOUND STATES of a SPHERICAL 

square well attractive potential 
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Geometrical meaning of the scattering length α 
 

Fig.11.11/page288/C.J.Joachain – ‘Quantum Theory of Collisions’ 
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The scattering length has in it vital 

information about the physical 

properties of the potential,  

 

but it does not include details about the 

structure of the potential. 
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:  de Broglie wavelength large
v

h

m
  

‘SLOW’ collisions 

Detailed ‘structure’ of the scattering potential : 

IMPORTANT? 

 

Essential focus is then on symmetry (s wave scattering) 

and a parameter  

  scattering length α. 

Negative 

Positive 

     Charge distributions    
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2 Fermionic cold atoms:  

* BCS pairing –“Cooper pair” 

* Bosonic bound-state  molecule - BEC 
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Bose atoms: quantum statistics leads to BEC phase 

In single-component Fermi gas, s-wave scattering is 

inhibited by Pauli exclusion principle.  

Evaporative cooling requires collisions. 
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Sympathetic cooling:  

Evaporate Bose atoms  

and  

cool Fermi atoms by enabling 

collisions between Bose and 

Fermi atoms. 

0

0

scattering length

    repulsive interaction

    attractive interaction









Application: Bose Einstein Condensation of 

Fermionic atoms 
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BEC 

BCS 
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Caution! Our 

notation employs 

a symbol for 

scattering length 

that Bethe has 

used for its 

inverse! 
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'  and '  differ only in the 
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In small-r region, wave-

functions are (nearly) 

INDEPENDENT of 

energy. 
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In small-r region, wave-functions are 

(nearly) INDEPENDENT of energy. 
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           independent of energy
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k k k k
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


   
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Caution! Our notation 

employs a symbol for 

scattering length that 

Bethe has used for its 

inverse! 

Short range atomic properties are (nearly) 

INDEPENDENT of energy. 
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'   is inverse of 

the scattering length
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Wu & Ohmura 

Quantum Theory of Scattering 
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